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Particle Acceleration at Shocks in the Inner Heliosphere
This dissertation describes a study of particle acceleration at shocks via the

diffusive shock acceleration mechanism. Results for particle acceleration at both
quasi-parallel and quasi-perpendicular shocks are presented to address the question
of whether there are sufficient particles in the solar wind thermal core, modeled
as either a Maxwellian or κ-distribution, to account for the observed accelerated
spectrum. Results of accelerating the theoretical upstream distribution are compared
to energetic observations at 1 AU. It is shown that the particle distribution in the
solar wind thermal core is sufficient to explain the accelerated particle spectrum
downstream of the shock, although the shape of the downstream distribution in some
cases does not follow completely the theory of diffusive shock acceleration, indicating
possible additional processes at work in the shock for these cases. Results show good
to excellent agreement between the theoretical and observed spectral index for one
third to one half of both quasi-parallel and quasi-perpendicular shocks studied herein.
Coronal mass ejections occurring during periods of high solar activity surrounding solar maximum can produce shocks in excess of 3-8 shocks per day. During
solar minimum, diffusive shock acceleration at shocks can generally be understood
on the basis of single independent shocks and no other shock necessarily influences

iv

the diffusive shock acceleration mechanism. In this sense, diffusive shock acceleration
during solar minimum may be regarded as Markovian. By contrast, diffusive shock
acceleration of particles at periods of high solar activity (e.g. solar maximum) see
frequent, closely spaced shocks that include the effects of particle acceleration at preceding and following shocks. Therefore, diffusive shock acceleration of particles at
solar maximum cannot be modeled on the basis of diffusive shock acceleration as a
single, independent shock and the process is essentially non-Markovian. A multiple
shock model is developed based in part on the box model of Protheroe and Stanev
(1999); Moraal and Axford (1983); Ball and Kirk (1992); Drury et al. (1999) that accelerates particles at multiple shocks and decompresses the particles between shocks
via two methods. The first method of decompression is based on the that used by
Melrose and Pope (1993), which adiabatically decompresses particles between shocks.
The second method solves the cosmic ray transport equation and adiabatically decompresses between shocks and includes the loss of particles through convection and
diffusion. The transport method allows for the inclusion of a temporal variability and
thus allows for a more representative frequency distribution of shocks. The transport method of decompression and loss is used to accelerate particles at seventy-three
shocks in a thirty day time period. Comparisons with observations taken at 1 AU
during the same time period are encouraging as the model is able to reproduce the
observed amplitude of the accelerated particles and in part the variability. This work
provides the basis for developing more sophisticated models that can be applied to a
suite of observations
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CHAPTER 1

INTRODUCTION

1.1

Overview

Diffusive shock acceleration (DSA), also referred to as first order Fermi acceleration, is the process by which particles are accelerated to higher energies at an
interplanetary shock front through wave-particle interactions. While an overview of
this and other particle acceleration mechanisms is given in Section 1.4, we study DSA
as the primary mechanism for the acceleration of protons at interplanetary shocks of
varying obliquity in the inner heliosphere.
Diffusive shock acceleration is generally regarded as the mechanism responsible for the observed cosmic ray (CR) spectrum up to at least the “knee,” occurring
at ∼ 1014 eV/nuc. However, the corresponding mechanism for acceleration is not as
widely accepted in the solar energetic particle (SEP) community (Ho et al., 2008).
The uncertainty in the acceleration mechanisms at interplanetary shocks is due in
part to two factors. First, the simple power law spectrum resulting downstream of interplanetary or coronal mass ejection (CME)-driven shocks is not always seen (Desai
et al., 2006) after the shock passage. Additionally, the spectrum that is observed can
sometimes resemble a double power law or a power law with an exponential roll-over
1

and is not always accurately predicted by theory (e.g., van Nes et al. (1984)). Second, the question of which particles are injected into the diffusive shock acceleration
mechanism has still not been established conclusively by the community and remains
a source of debate.
The so-called “injection problem” has led to two viewpoints. In the first,
particles are thought to be accelerated out of the solar wind “thermal pool” as the
shock propagates from the sun (van Nes et al., 1984; Lario et al., 2004; Ho et al., 2005;
Neergaard Parker and Zank, 2012). In the second, a pool of energetic “seed” particles
exists in the solar wind, and is accelerated to produce the accelerated distribution
(Desai et al., 2003; Mason, 2000). The mechanism for creating the seed population
is undetermined, however. In reality, the accelerated particle population observed
downstream of a shock is probably the result of accelerating both the background
upstream distribution and any seed particles that are present, since the DSA process
does not discriminate based on the origin of particles. However, there are always
particles associated with the solar wind thermal pool and this research focuses on the
acceleration of those particles to answer: 1) if there is a sufficient number of particles
in the thermal pool to account for the observed accelerated downstream particle
distribution, 2) how does the accelerated distribution differ for different injection
energies, and 3) does the accelerated spectrum resulting from DSA theory match the
observed spectrum.
The complex SEP spectra have been addressed in considerable detail by Zank
et al. (2000); Rice et al. (2003); Li et al. (2003); Zank et al. (2007); Vainio (2003);
Ng et al. (2003). In these papers, the authors modeled particle acceleration at
2

interplanetary shocks dynamically, taking into account the varying shock speed, decreasing interplanetary magnetic field strength, and the spatially varying diffusion
coefficients (and hence acceleration time scale). These time dependent models have
been tested against multiple observations (Verkhoglyadova et al., 2009, 2010; Zank
et al., 2007) and there has been verification of the model predictions, including the
acceleration of particles to high energies close to the sun (Reames, 2009). The spectra
that are produced from the models using time dependent diffusive shock acceleration
at an evolving shock wave typically resemble double power laws or power laws with
an exponential roll-over (Verkhoglyadova et al., 2009, 2010; van Nes et al., 1984).
In addition to the uncertainty in the injection process, there are also differences in the diffusive acceleration of particles at quasi-parallel and quasi-perpendicular
shocks. A parallel shock is one where the angle between the shock normal and
the magnetic field, θBn , is zero. Conversely, a perpendicular shock is one in which
θBn = 90◦ . Quasi-parallel shocks then satisfy θBn ≤ 45◦ and quasi-perpendicular
shocks θBn ≥ 45◦ .
It is easier to accelerate particles at quasi-parallel shocks because the geometry
of this shock allows for more shock crossings by the particle before the shock convects
out of the system than at a corresponding quasi-perpendicular shock. Quasi-parallel
shocks are able to excite an upstream wave field with greater efficiency than quasiperpendicular shocks. Upstream wave excitation at a quasi-parallel shock ensures that
upstream particles are trapped and forced to return to cross the shock repeatedly.
The upstream wave field is generally thought to be Alfvén waves excited by a particle
streaming instability that decreases with increasing obliquity θBn , where θBn is the
3

angle between the shock normal and the magnetic field (Bell, 1978a,b; Zank et al.,
2000; Rice et al., 2003; Gordon et al., 1999; Lee, 1983). The perpendicular spatial
diffusion coefficient is not determined by a wave excitation mechanism, but instead
relies on in situ turbulence and the ability of magnetic field lines to behave diffusively,
also known colloquially as magnetic field line wandering or random walk.
For a particle to be accelerated diffusively, it must have sufficient energy to
propagate up and downstream multiple times. The more shock crossings that occur,
the greater the energy gain for a particle. This is due to the convergence of the
magnetic scattering centers between the upstream and downstream regions. Thus, a
momentum gain ∆p ∝

∆U
U1

=

U1 −U2
U1

results for the particle at each cycle (Bell, 1978a,b;

van Nes et al., 1984; Lario et al., 2004; Ho et al., 2005; Zank et al., 2006). There are
two primary differences in the physical injection process between quasi-perpendicular
and quasi-parallel shocks. Figure 1.1 shows both a perpendicular shock (top panel)
and a parallel shock (bottom panel). As solar wind particles are generally regarded
as tied to a magnetic field line, the parallel shock geometry allows for more shock
crossings before the particle diffuses permanently away from the shock front. Conversely, for the perpendicular shock configuration, the geometry of the system yields
fewer opportunities for shock crossings before the magnetic field line has propagated
away from the front and thus DSA is difficult at quasi-perpendicular shocks due to
the geometry. However, stochastic field line meandering can ensure that if a particle
is already of sufficient energy, it can experience multiple crossings (Zank et al., 2006)
at a quasi-perpendicular shock. For a quasi-parallel shock, the injection criterion can
be as simple as that the particle velocity be at least comparable to the upstream
4

Figure 1.1: Shock geometry. Shown is an illustration of parallel and perpendicular
shock geometry. Figure courtesy of R. Jokipii.

plasma flow velocity
v = u1 / cos(θBn ),

(1.1)

where v is the particle velocity, u1 is the upstream plasma flow, and θBn is as previously defined (Lee, 1983; le Roux and Webb, 2009).
The second reason for differences in injection efficiency is perpendicular shocks
are not capable of exciting the upstream (Alfvén) wave field which occurs with the
particle streaming instability upstream of quasi-parallel shocks. This wave field is
responsible for the scattering of particles. Assuming a resonance condition appropriate for resonance broadening yields k ≈ γmΩ/p where k is the wave number,
Ω is the local ion gyrofrequency, γ is the relativistic correction, m is the mass of
the particle, and p is the particle momentum (Rice et al., 2003). The wave intensity, I(k), then can be shown to be proportional to cos(θBn ) (Lee (1983); Gordon
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et al. (1999)). As θBn → 90◦ , the upstream wave energy density, which is responsible for the particle scattering, goes to zero. Thus, for perpendicular shocks particle
scattering is due to in situ upstream turbulence convected back into the shock. Additionally, for this model to be valid, one would expect to see little to no wave activity
upstream of the shock, followed by an enhanced particle spectrum downstream of
the shock. This is discussed in Chapter 5 when reviewing specific results of particle acceleration at quasi-perpendicular shocks. This model of particle acceleration
at quasi-perpendicular shocks is supported observationally, as shown by Zank et al.
(2006), with their comparison of EPAM observations for quasi-parallel and quasiperpendicular shocks.

1.2

Charged Particles

To understand the behavior of interplanetary shock waves, it is necessary to
understand the small particle motion of charged particles and the development of
a shock wave. The motion of a charged particle, such as an electron or proton, is
described by
m

dv
= q (E + v × B) ,
dt

(1.2)

where m and q are the mass and charge of the particle, v is the velocity, and E
and B are the external electric and magnetic fields, respectively. The right hand
side of Equation 1.2 is the Lorentz force which describes the force a charged particle
experiences due to the electric and magnetic fields. The particle gyrates around a
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guiding center with frequency, Ω,

Ω≡

|q|B
.
m

(1.3)

Equation 1.3 is referred to as the gyro frequency or cyclotron frequency. The gyro
frequency is larger for protons and smaller for electrons. The gyro radius (or cyclotron
radius), rL , is
rL =

v⊥
,
Ω

(1.4)

where v⊥ is the perpendicular component of the velocity. The direction of the orbit
depends on the particle’s charge, such that protons will orbit in the opposite direction
as electrons. The gyroradius is an important parameter which will be discussed in
more detail in later sections when discussing the shock thickness and minimum energy
required to traverse the shock (Goedbloed and Poedts, 2004; Chen, 1984; Kallenrode,
2004).
The transport equation describes the evolution of the distribution function in
a medium and is derived by considering long range and short range forces. The most
general transport equation is referred to as the Boltzmann or Vlasov equation,

F
∂f
+ v · ∇f +
· ∇v f =
∂t
m



δf
δt


,

(1.5)

coll.

where f is the distribution function, v is the particle velocity, and F represents any
forces associated with the system. The third part of the left hand side of the equation,
F
m

· ∇v f , ensures the inclusion of any long range forces on the particle such as the
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Lorentz force, while the term on the right describes any short range, or collisional,
forces (Gurnett and Bhattacharjee, 2005; Goedbloed and Poedts, 2004; Chen, 1984).
A useful simplification of the collisional term is the Bhatnagar, Gross, and Krook
collision term,


∂f
∂t


=
coll.

fn − f
,
τ

where fn is the equilibrium distribution function and τ is the collision time (Bhatnagar
et al., 1954).
In order to derive the cosmic ray transport equation, we start with Equation 1.5. We assume the particle distribution function is independent of gyrophase
such that f (x, v, t) ∼ f (x, v, µ, t) and µ ≡ cos α where α is the particle pitch angle.
This assumes the particle gyroradius is much smaller than other spatial scales of the
system and that the gyroperiod is also much smaller than the other time scales of the
system (Zank, 2013).
Applying these assumptions to Equation 1.5 yields the focused transport equation
"
∂f
∂f
1 − 3µ2
∂Ui 1 − µ2
+ (Ui + pµbi )
+
bi bj
−
∇·U
∂t
∂xi
2
∂xj
2
"

#
µbi ∂Ui
∂Ui
∂f
1 − µ2
−
+ Uj
p
+
p∇ · b + µ∇ · U
p
∂t
∂xj
∂p
2

#
 
∂Ui 2bi ∂Ui
∂Ui
∂f
δf
−3µbi bj
−
+ Uj
=
,
∂xj
c
∂t
∂xj
∂µ
δt s

(1.6)

where U is the flow velocity, p is momentum, µ is the particle pitch angle, b =
B/|B| is the direction of the magnetic field, the subscripts i and j are the vector
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coordinates, and

δf
δt s



is the scattering term assumed to be the results of collisions

with Alfvén waves for parallel propagation (Roelof, 1969; Ruffolo, 1991; Isenberg,
1997; Zank, 2013). Equation 1.6 is also referred to as the Boltzmann equation for
a gyrotropic particle distribution function (Zank, 2013). If we further assume that
1) particle scattering is strong, so that a distribution becomes isotropic and 2) that the
background flow has no accelerations or shear flows, we obtain the general convectivediffusive transport equation, more commonly referred to as the cosmic ray transport
equation
p
∂f
∂f
+ U · ∇f − ∇ · U
− ∇ · (κ · ∇f ) = 0,
∂t
3
∂p

(1.7)

where κ is the diffusion tensor and U is the bulk velocity. Equation 1.7 is appropriate
for relativistic charged particles that experience scattering in a turbulent magnetic
field.
The second term in Equation 1.7, U · ∇f , describes the convection of the fluid
showing that the scattered particles essentially co-move with the background flow.
The third term, p3 ∇ · U ∂f
, is the energy term and describes the adiabatic compression
∂p
or decompression of particles. If ∇ · U < 0, i.e., the background flow converges, then
there is an increase in energy. Conversely, if ∇ · U > 0 there is a decrease in energy.
The fourth term, ∇ · (κ · ∇f ), describes the diffusion of the particles throughout
the system. The isotropic terms of the tensor describe particle diffusion parallel and
perpendicular to the magnetic field lines. The anisotropic terms describe the collective
drift of particles resulting from the non-uniform magnetic field, such as gradient and
curvature drifts (Zank, 2013). The medium is assumed to be collisionless and hence
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there is no further collisional term on the right hand side. This equation is discussed
in more detail in Chapter 2 and derivations associated with the transport equation
(such as the accelerated downstream distribution, maximum momentum, acceleration
timescale, etc.) are shown in Appendix A.
From the Boltzmann transport equation, Equation 1.5, the continuity, momentum, and energy equations can be derived by taking the zeroth, first, and second
moments, respectively. These equations then yield the continuity, momentum, and
total energy equations in conservation form, shown here:

∂ρ
+ ∇ · (ρU) = 0;
∂t




∂
B2
BB
(ρU) + ∇ · ρUU + P +
1−
= 0;
∂t
2µo
µo




B2
1
1 2
∂ 1 2
ρU + ξ +
ρU U + hU + E × B = 0,
+∇·
∂t 2
2µo
2
µo

where ρ is mass density, ξ is the internal energy, h is enthalpy, P is pressure, µo is the
permeability of free space, and 1 is the identity matrix (Gurnett and Bhattacharjee,
2005).
The jump conditions in a magnetohydrodynamic (MHD) fluid are constraints
placed on the fluid, which describe the normal and tangential components of the
plasma before and after a discontinuity. The conservation laws, along with the boundary conditions of the electric and magnetic fields as defined by Maxwell’s equations,
are used to derive the jump conditions, also referred to as the Rankine-Hugoniot conditions, by assuming the discontinuity resides within a rectangular volume element
and integrating the conservation laws over the volume. It is important to use the
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conservation of energy in the derivation of the Rankine-Hugoniot conditions rather
than the conservation of entropy because a shock is an irreversible process (entropy
increases across the shock) and entropy is not conserved (Goedbloed and Poedts,
2004; Burgess, 1995; Courant and Friedrichs, 1948; Landau and Lifshitz, 1987). The
Rankine-Hugoniot conditions for a magnetohydrodynamic fluid at a discontinuity can
be written as

[ρUn ] = 0;


Bt2
2
= 0;
ρUn + P +
2µo


Bt
= 0;
ρUn Ut − Bn
µo



B2
1 2
Bn
ρU + h +
Un − (U · B)
= 0;
2
µo
µo
[Un × Bt + Ut × Bn ] = 0;
[Bn ] = 0,

where the subscripts n and t refer to the normal and tangential components and
the square brackets denote the difference between the up and downstream quantities
(Gurnett and Bhattacharjee, 2005).
The classification of the different discontinuities can be defined using this set
of jump conditions by setting Un = 0, Un 6= 0 and ρ = 0, ρ 6= 0, yielding four
possible outcomes. The first case where Un = 0 and ρ = 0 is trivial and results in
no discontinuity. The second case, where ρ 6= 0 but Un = 0, results in a contact
discontinuity. There is no fluid flow across this type of discontinuity, but there is
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a change in density. A special case of the contact discontinuity is the tangential
discontinuity, where there is the additional constraint that [Bt ] 6= 0. This type of
discontinuity is common in plasmas and is a result of the “frozen in” condition of
plasmas in the magnetic fields. Conversely, a rotational discontinuity is characterized
by no change in density ([ρ = 0]) across the discontinuity, but fluid flows across it.
The fourth type of discontinuity and most interesting to analyze, is a shock which is
characterized by both a jump in density as well as fluid flow across the shock. There
is a change in the magnetic field across the shock for oblique shocks, but no change
for a strictly parallel shock. (Landau and Lifshitz, 1987; Gurnett and Bhattacharjee,
2005)
To determine the normal and tangential components of the various shock
characteristics, the jump conditions are transformed to the shock frame, or the de
Hoffman-Teller frame, which is a reference frame in which U k B both upstream and
downstream of the shock. After some algebraic manipulation, the Rankine-Hugoniot
conditions can be written as

ρ1 Un1 = ρ2 Un2 ;
2
ρ1 Un1
+ ρ1

2
c2
B2
c2s1 Bt1
2
+ ρ2 s2 + t2 ;
+
= ρ2 Un2
γ
2µo
γ
2µo

Bt1
Bt2
= ρ2 Un2 Ut2 − Bn2
;
µo
µo

 2
2
2
Bt1
cs1
Ut1
+ Un1
ρ1 Un1
+
+
(bt1 Un1 − Bn Ut1 ) ;
γ−1
2
µo
 2

2
2
Ut2
+ Un2
Bt2
cs2
+
+
(bt2 Un2 − Bn Ut2 ) ;
= ρ2 Un2
γ−1
2
µo
ρ1 Un1 Ut1 − Bn1

Un1 Bt1 − Ut1 Bn1 = Un2 Bt2 − Ut2 Bn2 ;
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Un2 Bt2 − Ut2 Bn2 = 0;
Bn1 = Bn2 ,

and the subscripts 1 and 2 denote the upstream and downstream plasma quantities,
respectively (Parks, 1991; Gurnett and Bhattacharjee, 2005). These jump conditions
form a system of eight equations and eight unknowns. The shock compression ratio,
or shock strength, is r = n2 /n1 . The Rankine-Hugonoit conditions can be reduced to
a single equation for the normal component Un1 ,


2rc2s1
−
cos θ1
−
−
r + 1 − γr − 1


2r − γ(r − 1) 2
2
2 2
2
2
r sin θ1 Un1 vA1
U − rvA1 cos θ1 = 0.
r + 1 − γ(r − 1) n1
2
Un1

2
rvA1

2

2



2
Un1

(1.8)

This equation is referred to as the shock adiabatic (Gurnett and Bhattacharjee, 2005;
Anderson, 1963), where vA is the Alfvén velocity and cs =

p
γP/ρm is the sound

speed, P is pressure, ρm the mass density, and γ = Cp /Cv is the ratio of specific
heats. The shock adiabatic is a cubic expression in terms of Un1 and has three roots.
To discuss these three roots more tractably, it is convenient to assume the weak
limit of the shock adiabatic, where r = 1. This yields the more familiar “dispersion”
relation,

2
2
− vA1
cos2 θ1
Un1

2 



2
4
2
2
vA1
+ c2s1 + c2s1 vA1
cos2 θ1 = 0
Un1
− Un1
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(1.9)

for small amplitude waves in an MHD fluid (Parks, 1991; Gurnett and Bhattacharjee,
2005). The three roots of this equation are

2
=
Un1

i1/2
 1h 2
2
1 2
2 2
cs1 sin2 θ1
;
vA1 + c2s1 −
vA1 − c2s1 + 4vA1
2
2

2
2
cos2 θ1 ;
= vA1
Un1

2
Un1

i1/2
 1h 2

1 2
2
2 2
2
2 2
=
,
v + cs1 +
vA1 − cs1 + 4vA1 cs1 sin θ1
2 A1
2

(1.10)

(1.11)

(1.12)

where Equation 1.10 is analogous to the slow mode wave, Equation 1.11 to the intermediate or Alfvén mode wave, and Equation 1.12 to the fast mode wave. Fast
and slow modes have both transverse and longitudinal components (meaning the direction of propagation (k̂) is perpendicular (transverse) and parallel (longitudinal)
to the direction of the electric field perturbation). These shocks are compressional
and can steepen to form shock waves in a supersonic MHD flow. The plasma and
magnetic field oscillations are in phase for fast mode shocks, and vice versa for slow
mode shocks (Parks, 1991). Fast mode waves are super-Alfvénic, and slow mode
shocks are sub-Alfvénic (Zank, 2013). The intermediate mode is noncompressive. It
is sometimes referred to as the transverse Alfvén mode because it is parallel to both
the magnetic field and the direction of propagation (Parks, 1991; Gurnett and Bhattacharjee, 2005). Figure 1.2 shows solutions to the shock adiabatic given in terms of
Mach number (Webb et al., 1987) (more precisely referred to the shock polar in this
context). The MA1 = MA2 line separates allowable and unallowable shocks, which
correspond to the r = 1 line. Solutions above the r = 1 line are therefore expanded
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Figure 1.2: Fast and slow mode shocks. (Figure included with permission, (Webb
et al., 1987).)

and below are compressed. Thus, above the MA1 = MA2 line is unallowable for shocks
as this region corresponds to expansion shocks, which are nonphysical because they
violate the second law of thermodynamics. Below the MA1 = MA2 line, however,
shocks are compressive and physically sensible. Points A, B, and E on the plot correspond to slow mode, transverse, and fast mode shocks, respectively. Arc AB is
the region of allowed slow mode shocks and arc EF is the admissible regime for fast
mode shocks. The arc BC is considered unstable as it represents a wave that can
disintegrate into multiple waves (Webb et al., 1987; Zank, 2013).

1.3

Background

The research described herein focuses on diffusive shock acceleration at quasiparallel and quasi-perpendicular shocks in the inner heliosphere. For purposes of this
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Figure 1.3: Interplanetary shock wave. The shock wave is indicated by the dotted
line. Regions to the right are “”upstream” and regions to the left are “downstream”
of the shock. (Figure included with permission, Zank et al. (2006).)

study and as described above, a shock is a discontinuity (generally in magnetic field,
velocity, and density) which separates two different regions of interplanetary space
(Kallenrode, 2004). These different regions of space are referred to as “upstream”
and “downstream” of the shock. In Figure 1.3, an interplanetary shock, identified by
the dotted line, is shown propagating outward from the sun. The region ahead of the
shock (to the right of the shock in the picture) is “upstream” of the shock, while the
region behind the shock (to the left) is “downstream.”
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An interplanetary shock produced by a CME is a traveling shock wave. The
Earth’s bow shock is a standing shock that is formed due to the faster moving solar
wind impinging on the Earth’s magnetosphere. This occurs at other planets, provided
they have a magnetosphere. Unless otherwise stated, this study focuses on traveling
interplanetary shocks emanating from the sun, typically as a result of a coronal mass
ejection or some other form of solar energetic particle event.
Specular reflection refers to particles that are reflected at the shock in a beamlike manner with a velocity and angle equal and opposite to that given of the initial
particle. Specularly reflected ions occur at supercritical shocks where the Mach number, M 2 = U 2 /c2s , of the shock is greater than the critical mach number (Mc ∼ 1 − 2
for the solar wind) (Gosling and Robson, 1985) and are the result of magnetic and
electrostatic forces (Leroy et al., 1981, 1982). Specularly reflected ions can occur for a
particle with any shock obliquity. However, if the reflected ions have θBn > 45◦ , they
cannot escape the shock and are always reflected back (Gosling and Robson, 1985).
Pick-up ions in the solar wind are interstellar neutral atoms that have experienced a charge exchange collision with an out bound heliospheric ion. The interstellar
neutral atom propagates within the heliosphere with v ∼ 20 km/s. The newly formed
pick-up ions form a beam (more precisely a ring-beam) with high velocity relative to
the solar wind flow. The beam is unstable to the generation of Alfvén waves, which
are excited and act to scatter the pick-up ions towards isotropy (Zank et al., 2001).

17

1.4

Acceleration Mechanisms

The primary acceleration mechanism discussed here is diffusive shock acceleration (DSA), also known as first order Fermi acceleration. In this section, I describe
this mechanism in detail, as well as provide an overview of other particle acceleration mechanisms. The mechanisms discussed in this section are Fermi acceleration,
both first and second order, shock surfing acceleration, also known as multiply reflected ion (MRI) acceleration, shock drift acceleration, and the pump mechanism for
acceleration.

1.4.1

Diffusive Shock Acceleration
Diffusive shock acceleration, also known as first order Fermi acceleration, is

generally believed to be the primary mechanism for particle acceleration up to the
“knee” in the cosmic ray spectrum. As mentioned previously, this mechanism is more
efficient for parallel shocks than perpendicular shocks because the geometry inherent
in a parallel shock allows for multiple crossings by the particle of the shock front.
Additionally, parallel shocks are more efficient at wave excitation which generates
the upstream turbulence (Alfvén waves) necessary to trap particles in the vicinity of
the shock. This is because the dependence of the excited wave energy on θBn makes
more perpendicular shocks less efficient at generating the upstream Alfvén waves.
In DSA, the particle is reflected back and forth across the shock through (Alfvén)
wave-particle interactions. Particles are generally required to have a velocity a few
times the thermal velocity in order to have sufficient initial energy to traverse the
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shock boundary. Particles, despite experiencing scattering, will eventually diffuse
away from the shock. As described in Bell (1978a), η = 4 uv2 is the probability of a
particle escaping the downstream region and hence 1 − η is the probability of the
particle being scattered back upstream. Because the upstream velocity is larger than
the downstream velocity, the particle, on average, gains energy through these multiple
shock crossings. The equation describing the gained energy was shown by Bell (1978a)
to be
Ek+1 = Ek

1+
1+

vk1 (u1 −u2 ) cos(θk1 )
c2
vk2 (u1 −u2 ) cos(θk2 )
c2

!
,

(1.13)

where Ek is the energy of the particle for the k th cycle of shock crossings (Bell,
1978a,b). The differences in efficiency between parallel and perpendicular shocks
using DSA will be explored in later chapters (Chapter 4 and Chapter 5).
First order Fermi acceleration can be further illustrated using the magnetic
bottle configuration shown in Figure 1.4. The stronger magnetic field is represented
by the field lines drawn closer together. The weaker magnetic field lies in the middle.
Particles in the bottle are reflected at Br . All particles have a distribution of pitch

angles, α = tan−1 v⊥ /vk , and hence the reflection point can be different for each
particle. Given two particles with different initial pitch angles as defined by their pitch
angle at the magnetic equator (i.e., the position of weakest magnetic field, Bo ), the
particle with the initially smaller pitch angle is reflected further down in the magnetic
bottle than a particle with an initially larger pitch angle, such that sin2 α = Bo /Bm
where Bm is the magnetic field at the particle’s mirror point. If the ends of the bottle
approach one another, the particle gains energy. This process is explained by the
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B
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Figure 1.4: Magnetic bottle. Shown is the configuration of a magnetic bottle with
the stronger magnetic fields at the ends of the bottle.

second adiabatic invariant, J, which states

Z

s2

J=

mvk ds = constant,

(1.14)

s1

where ds is the path of the particle, m is the mass, and vk is the parallel velocity of
the particle. Since J is constant, as the path of the particle decreases, mvk (and hence
the energy) must increase and the particle is accelerated to some maximum energy
whereby it then may be able to escape the magnetic bottle (Chen, 1984; Gurnett and
Bhattacharjee, 2005; Parks, 1991).
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1.4.2

Second Order Fermi Acceleration
A second application of the conservation of the second adiabatic invariant is

second order Fermi acceleration. This acceleration mechanism was first proposed by
Fermi (1949) as an explanation for the energization of cosmic rays. This theory proposes that cosmic rays are accelerated by collisions between two approaching plasma
clouds with strong magnetic fields in their interior (Gurnett and Bhattacharjee, 2005).
Specifically, a particle is reflected between randomly moving magnetized clouds. If
the collisions are head-on, then there is a net energy gain. Conversely, if the collisions
occur between receding clouds, then there is a net energy loss. Fermi argued that
statistically there was a higher probability of head-on collisions and therefore there
will be an overall increase in energy. This overall energy gain occurs more slowly
than in first order Fermi acceleration because of the inclusion of energy losses from
collisions with receding clouds. It is referred to as second order Fermi acceleration
because the energy gain is proportional to the square of the velocity. (Gurnett and
Bhattacharjee, 2005; Kallenrode, 2004).

1.4.3

Shock Surfing Acceleration
Shock surfing (Lee et al., 1996), also referred to as acceleration by multiply

reflected ions (Zank et al., 1996), is thought to be a possible acceleration mechanism
for heliospheric pick-up ions at quasi-perpendicular shocks. In this theory, the particle
encounters the shock just upstream and is reflected back from the shock because the
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particle’s velocity normal to the shock is too small to cross the shock potential, Φ,

1 2
qΦ = mvsh
,
2

(1.15)

where vsh is the velocity of the shock. This cross shock potential is a result of the
heavier upstream ions overshooting the shock front, resulting in a potential difference
across the shock boundary (Zank et al., 1996). The bi-spherical pickup ion distribution is well suited for this acceleration mechanism because it has a large number
of particles with a velocity component perpendicular to the shock front that is too
small to overcome the cross shock potential barrier. These particles are then caught
between the cross shock potential and Lorentz force and are accelerated down the
shock front by the motional electric field. The particle is trapped by the cross shock
potential until it reaches a velocity normal to the shock that is sufficiently large to
penetrate the potential barrier at the shock front. The longer the particle “surfs” the
shock, the larger the energy increase. Therefore, particles with small initial velocities
normal to the shock can be accelerated to a larger energy.
This mechanism has been referred to as a possible pre-acceleration mechanism
for DSA, as the lower energy ions would be accelerated by shock surfing to an energy
sufficiently large enough to then be accelerated diffusively (Chandran and Bessho,
2004; Lee et al., 1996; Lever et al., 2001; Zank et al., 1996; Burrows et al., 2010).
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1.4.4

Shock Drift Acceleration
Shock drift acceleration is similar to shock surfing in that the particle is re-

quired to “drift” along the shock, acquiring energy through the motional electric field
upstream of the shock. However, the underlying physical reason for the “drifting”
(i.e., the movement of the particle with a velocity parallel to the face of the shock) is
inherently different. The difference in magnetic field magnitudes upstream and downstream of a perpendicular shock generates a gradient, ∇B, across the shock. This
magnetic gradient produces a ∇B drift in the direction parallel to the shock front.
The particle drifts along the shock front due to the differential gyroradii on either
side of the shock front and is accelerated by the motional electric field upstream of
the shock. During this process the particle eventually convects away from the shock,
stopping the acceleration process and leaving the particle in the downstream region,
or the particle escapes upstream of the shock when its perpendicular velocity exceeds
the shock velocity, v⊥ > vsh . This mechanism, like shock surfing, is thought to be a
possible pre-acceleration mechanism for DSA for the same reason. Once it reaches an
energy sufficiently large for DSA to occur, it can be diffusively accelerated. (Lever
et al., 2001; Armstrong et al., 1985).

1.4.5

Pump Mechanism
The pump mechanism is a new particle acceleration mechanism proposed by

Fisk and Gloeckler (2012) that utilizes adiabatic compressions and expansions of the
plasma to energize particles, hence the term pump mechanism. Fisk and Gloeckler
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(2006) derive a transport equation to describe the process. One solution of this equation yields a power law distribution with slope ∼ −5. This mechanism is not used
in this research, but is included here for completeness. Fisk and Gloeckler (2012)
propose that the pump mechanism may be a viable alternative to diffusive shock acceleration as the primary mechanism for the acceleration of particles at interplanetary
shocks in the inner heliosphere, but it is not yet generally accepted (see e.g. Jokipii
and Lee (2010)).

1.5

Summary

This thesis explores the theory of diffusive shock acceleration as the primary
mechanism for the acceleration of protons at interplanetary shocks in the inner heliosphere. There are two possibilities, not necessarily exclusive, for the source of
the energetic particle population that is diffusively accelerated at an interplanetary
shock. One is acceleration directly from the thermal pool (van Nes et al., 1984; Lario
et al., 2004; Ho et al., 2005) and the other is acceleration of a pre-existing “seed”
population (Desai et al., 2003; Mason, 2000). In this research we focus on the upstream solar wind background population as the primary source of the accelerated
downstream distribution. Three important questions are answered: 1) are there a sufficient number of protons in the solar wind thermal pool to account for the accelerated
population; 2) what is the implication of the injection energy on the downstream distribution; 3) and does the accelerated spectrum resulting from theoretical models
of DSA match observations? The theoretical background is discussed in Chapter 2
and Chapter 3 describes the analysis and treatment of data used in this study. We
24

explore the implications of accelerating particles at quasi-parallel (Chapter 4) and
quasi-perpendicular (Chapter 5) geometries for single shocks. Additionally in Chapter 6, we explore the diffusive acceleration of particles at multiple shocks with possible
new theoretical implications for shocks driven by coronal mass ejections during solar
maximum. Conclusions are presented in Chapter 7 and some important derivations
are shown in Appendix A.
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CHAPTER 2

THEORY OF DIFFUSIVE SHOCK ACCELERATION

The injection and acceleration of protons is important in the understanding of
diffusive shock acceleration for all ion species. Protons are by far the more numerous of
the particle species in the solar wind and additionally are responsible for the excitation
of the upstream wave field at quasi-parallel shocks (Bell, 1978a,b; Lee, 1983; Martin,
2005; Gordon et al., 1999; Zank et al., 2000; Rice et al., 2003). The wave field acts
to trap particles upstream and scatter them back to the shock front for subsequent
transmission to the downstream frame, rather than allowing them to stream away
from the quasi-parallel shock. By contrast, as discussed by Li et al. (2003), the
heavy ions are essentially test particles that experience scattering in the turbulent
field excited by the protons. Maximum energies and injection energies associated
with heavy ions are determined by the diffusion coefficient, which is itself determined
by the (proton) excited wave field (quasi-parallel). Understanding proton injection
is therefore key to understanding the fundamental physics of injection. If there is
a sufficient level of turbulence upstream and downstream of a shock, an energetic
pre-existing population of ions will inevitably experience diffusive acceleration at a
shock wave.
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Observations that can be related to the injection problem have followed essentially two routes. An important early paper by Gosling et al. (1981) advocated
that the energetic particle population emerged from the solar wind thermal pool.
Based on an energetic storm particle (ESP) event on 1978 August 27 detected at the
International Sun-Earth Explorer (ISEE) 2 and 3 spacecraft, Gosling et al. (1981)
showed that energetic particles up to approximately 1.6 MeV appeared to emerge
from the solar wind thermal pool. Their results are consistent with particles from
the thermal pool or the suprathermal tail of the solar wind being accelerated at a
shock by diffusive shock acceleration mechanism. An alternate view was advocated
initially by Mason (2000) and Desai et al. (2003) based on observations of energetic
particles at co-rotating interaction regions (CIR), which suggested that these particles did not come from the bulk solar wind. Based on particle abundances, such as
3

He, they found that particles originating for example in solar flares, pickup ions, or

inner source neutrals were preferentially accelerated in CIRs. The manner by which
these suprathermal particles are pre-energized was not addressed, nor was the precise
mechanism of acceleration within the CIRs themselves. Desai et al. (2003) conclude
that due to the presence of a significant and elevated abundance (relative to the solar
wind) of 3 He particle population in the accelerated spectrum that the suprathermal
pool is the source of the accelerated distribution.
There are two main differences in the injection of particles at quasi-parallel and
quasi-perpendicular shocks. First, as discussed previously in Chapter 1, the geometry
of a quasi-parallel shock more easily facilitates multiple shock crossings by a particle
before leaving the vicinity of the the shock complex. Field line meandering increases
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the frequency of interaction of a particle with a quasi-perpendicular shock, but the
particle must still be of sufficiently high energy to ensure multiple shock crossings
before the field line is advected away from the shock.
Second, perpendicular shocks are not capable of exciting the upstream (Alfvén)
wave field as occurs with the streaming instability upstream of quasi-parallel shocks.
This wave field is responsible for the scattering of particles. Assuming a resonance
condition appropriate for resonance broadening yields k ≈ γmΩ/p where k is the
wave number, Ω is the local ion gyrofrequency, γ is the relativistic correction, m is
the mass of the particle, and p is the particle momentum (Rice et al., 2003). The
wave intensity, I(k), can then be shown to be proportional to cos θBn

Z

∞

I(k)dk = hδB · δBi ∼ cos θBn ,

(2.1)

−∞

where the wave intensity is a combination of the wave intensity generated parallel to
the magnetic field and δB is the magnetic field fluctuation amplitude with the term
in the brackets representing the magnetic energy density (Lee (1983); Gordon et al.
(1999)). As θBn → 90◦ , the upstream wave energy density, which is responsible for
the particle scattering, goes to zero. This condition then requires upstream particle
scattering be the result of in situ upstream turbulence convected back into perpendicular and quasi-perpendicular shocks. Additionally, for this model to be valid, one
would expect to see little to no wave activity upstream of the shock, followed by
an enhanced particle spectrum downstream of the shock. This model of particle acceleration at quasi-perpendicular shocks is supported observationally, as shown by
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Zank et al. (2006), with their comparison of EPAM observations for quasi-parallel
and quasi-perpendicular shocks.
The injection mechanism for quasi-perpendicular shocks, however, is additionally more complicated requiring the inclusion of the perpendicular diffusion coefficient
(Zank et al., 2006) and possibly the shock dissipation mechanism. The dissipation
mechanism for quasi-perpendicular shocks is no longer particle scattering, as in the
quasi-parallel shock case; instead specularly reflected ions are the primary dissipation
mechanism. All particles reflected at a quasi-perpendicular shock (θ > 45◦ ) return
to the shock front because their guiding center motions are directed downstream.
This is the primary dissipation mechanism and is responsible for the magnetic foot
in supercritical shocks. By contrast, in quasi-parallel shocks, the specularly reflected
ions can propagate far upstream, thereby not contributing directly to the downstream
dissipation (Gosling and Robson, 1985; Goodrich, 1985), but the reflected beam in
turn is unstable, exciting waves that isotropize the reflected protons. This isotropic
population will advect back to the shock and may be a precursor to diffusive shock
acceleration. At a quasi-perpendicular shock, specular reflection of part of the upstream particle distribution leads to the creation of a suprathermal population. This
implies that an appropriate upstream distribution from which to inject is unlikely to
be a simple Maxwellian as in quasi-parallel case (Neergaard Parker and Zank, 2012)
and may more likely be represented by a κ-distribution.
Theoretical models and numerical simulations for the perpendicular diffusion coefficient do not seem to explain observations using quasi-linear theory alone
(Mazur et al., 2000; Fisk et al., 1997; Giacalone and Jokipii, 1999; Mace et al., 2000).
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Matthaeus et al. (2003) introduced a theoretical model that has become the basis
for the non-linear guiding center theory (NLGC), further developed by Zank et al.
(2004); Shalchi and Weinhorst (2009); Dosch et al. (2013). The NLGC theory yields
a perpendicular diffusion coefficient that is expressed by the integral equation

a2 v 2
κ⊥ =
3Bo2

Z
0

∞

S(k)d3 k
2
v/λ|| + k⊥
κ⊥ + k||2 κ||

(2.2)

where ⊥ and || denote the perpendicular and parallel components of the diffusion
tensor (κ), the wavenumber (k), and the spectral amplitude of the turbulent fluctuations (S). Additionally, a2 is taken to be ∼ 1/3 and is related to the gyrocenter
velocity, v is particle velocity, and Bo is the mean magnetic field strength. Since
κ = κ|| cos2 θ + κ⊥ sin2 θ for oblique shocks, it is clear κ⊥ , and hence the NLGC
theory, dominates for highly perpendicular shocks.
Chapter 4 and Chapter 5 compare diffusive shock acceleration theory to observations at 1 astronomical unit (AU) using a set of quasi-parallel (Chapter 4) and quasiperpendicular (Chapter 5) shocks that have been identified. A one dimensional (1D)
model has been adopted to describe the accelerated downstream particles, i.e., the
shock is assumed to be an infinite plane that separates the upstream and downstream
particle distributions (Krymsky, 1977; Axford et al., 1977; Bell, 1978a,b; Blandford
and Ostriker, 1978; Zank et al., 2011). Such an approximation at an interplanetary
shock is reasonable to determine the local particle distribution function. The curvature of the shock is not discernible on the scale size reasonable in determining the
local plasma quantities.
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For a particle to diffuse or propagate from downstream of the shock into the
upstream region, the particle should have an energy that is at least comparable to the
upstream flow speed, u1 . For this reason, Lee (1983) and le Roux and Webb (2009)
introduced the condition
v = u1 / cos θBn ,

(2.3)

where v is the particle speed and θBn the angle of the magnetic field to the shock
normal, as the injection threshold at a quasi-parallel shock. This is similar to the
injection criterion introduced by Zank et al. (2000), who assumed that the injection energy is determined by the thermal energy downstream of the shock (with an
injection efficiency of 1%).
The transport of energetic particles can be described by the cosmic ray transport equation,
p
∂f
∂f
+ u · ∇f − ∇ · u
− ∇ · (κ · ∇f ) = Q,
∂t
3
∂p

(2.4)

where f is the particle distribution, u is the flow velocity, p is the particle momentum,
κ the diffusion tensor, and Q a source term. Equation 2.4 describes the convection,
adiabatic decompression, and diffusion of scattered particles.
In order to apply the cosmic ray transport equation to diffusive shock acceleration, it is required that the particle anisotropy be small at the shock. Following
Zank et al. (2006) (see also Giacalone and Jokipii (1999); Zank et al. (2004)) if |F | is
the streaming flux, the total anisotropy is defined by ξ = 3|F |/(4πJ), where J = f p2
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is the differential intensity, f . It can then be shown that

1/2
(rL2 + (λ⊥ − λk )2 cos2 θBn ) sin2 θBn
3u
1
ξ=
,
+
v (r − 1)2
(λ⊥ sin2 θBn + λ|| cos2 θBn )2

(2.5)

is the total anisotropy, r is the shock compression ratio equal to the ratio of the
downstream to upstream density, rL the Larmor radius, and λ⊥,k are the perpendicular
and parallel mean free paths (related to the diffusion term, κ, by λ = 3κ/v). See
Giacalone and Jokipii (1999) and Zank et al. (2006) for a more complete discussion
of the particle anisotropy. To ensure the validity of the diffusive approximation at a
quasi-parallel shock, it is required that the flow velocity, u, be much smaller than the
particle velocity, v, up to a factor ∼ 3(q/r − 1), where q = 3r/(r − 1) is the power
law index of the accelerated spectrum. This requires that the particle anisotropy
at the shock be much smaller than one. As illustrated in Figure 5 of Zank et al.
(2006), for an interplanetary shock at 1 AU, this condition suggests that particles
with energies exceeding approximately 1 keV are capable of experiencing diffusive
shock acceleration at quasi-parallel shocks.
It is also assumed that the observed energetic particle distribution is isotropic
(refer to Chapter 3 for discussion on isotropy and the Compton-Getting effect). The
1D cosmic ray transport equation is applied to model the particle distribution function
i.e.,
ui

∂
∂fi
∂fi
−
κ(x, p)
= 0,
∂x
∂x
∂x
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(2.6)

where u denotes flow velocity, κ the diffusion coefficient, and i = 1, 2 identifies upstream or downstream of the shock. This equation is solved in the fluid frame while
satisfying the boundary conditions that the energetic number density is conserved
across the shock and that the energetic particles satisfy the streaming condition at
the shock,

p ∂f
u · n̂
− κ · ∇f +
3 ∂p


0+

=
0−

Q(p)
,
4πp2

(2.7)

where p is the momentum, n̂ is the vector normal to the shock, and Q(p) is the
particle injection rate at the shock, meaning it is the number of particles injected per
unit momentum per area per time. Use of the spatial dependence of the accelerated
particle spectrum facilitates rearranging Equation 2.7 as

− (u2 − u1 )

Q(p)
∂f (0, p)
+ u1 [f (0, p) − f (−∞, p)] =
,
∂p
4πp2

(2.8)

where f (−∞, p) is the upstream background particle distribution.
A detailed derivation of the accelerated downstream distribution, f (0, p), is
given in Appendix A, Section A.1, but presented here without proof and given by

3
f (0, p) =
p−q
u1 − u2

p



Q(p0 ) dp0
0
p u1 f (−∞, p ) +
,
4πp02 p0
pinj

Z

0q

(2.9)

where u1 and u2 are the velocities upstream and downstream of the shock, pinj is
the injection momentum below which no particles are expected to be accelerated and
q = 3r/(r − 1) is the spectral index of the accelerated power law spectrum. All other
quantities are as defined above.
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Several points about the downstream distribution function f (0, p), expressed
through (Equation 2.9), are worth additional discussion. The boundary condition,
(Equation 2.8), indicates that two sources of particles can be accelerated diffusively
at a shock. The first, f (−∞, p), is simply a background population that is convected
into the shock from upstream and the second, Q(p)/(4πp2 ), are particles injected
locally at or near the shock as a result of some form of shock injection mechanism.
Both possibilities can occur simultaneously and which is more effective depends on the
relative flux and energies of the injected distribution. One implication, for example,
is that the injection of solar wind alpha particles might be quite different from the
injection of 3 He in the diffusive acceleration of particles at a particular shock. More
generally, it is entirely possible that pre-energized heavy ions are injected into the
diffusive shock acceleration process in a manner entirely different from diffusively
accelerated protons (Neergaard Parker and Zank, 2012).
The shock accelerated particle spectrum, p−q , is itself generated from the spectra of sources at lower momentum p0 < p. For source spectra steeper than p−q , the
accelerated spectrum will tend towards a p−q spectrum (Bell, 1978a,b; Axford, 1981).
However, an initially harder injection spectrum will retain its initial spectral exponent and not acquire the characteristic spectral index associated with the local shock.
Consequently, the energetic particle spectrum that is observed downstream of a shock
can bear the imprint of the source spectrum rather than that of the locally accelerated spectrum. As before, this can render the interpretation of heavy ion spectra
observed downstream of a shock difficult because the pre-energized heavy ion spectra may be harder/flatter than the characteristic of the shock itself. Consequently,
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there are several difficulties in using only heavy ions as the source of the accelerated
distribution for understanding the injection process.
First, the upstream wave turbulence is a result of the protons, which are far
more numerous than heavy ions. The anisotropy equation (Equation 2.5) illustrates
the importance of the diffusion coefficient for quasi-perpendicular shocks and it is the
more numerous protons that are responsible for determining the diffusion coefficient.
Second, different ion species can be injected with different efficiencies depending on
the energy and flux of each species. So while it is possible to have an energetic
distribution of heavy ions, the total flux will undoubtably be significantly lower than
the proton population. Finally, the observed energetic particle spectrum can be a
combination of multiple sources, such as multiple seed populations or a preceding
shock, and multiple acceleration processes. Which one is more dominant is again
dependent on the flux and energy ranges of the different distributions.
The difficulties involved with the heavy ion accelerated spectra and the inferred
importance of protons in the wave turbulence process have led to the simplification
of studying the acceleration of one species, protons, and comparing the diffusively
accelerated spectrum to observations made by spacecraft at or around 1 AU.
The second term in the integral of Equation 2.9 corresponds to a locally injected population of particles. This is typically modeled as a delta function in momentum (e.g., Zank et al. (2000) and references therein). The delta function approach
assumes that, as a result of some undefined physical processes at the shock itself,
a delta function distribution of particles is created, which is sufficiently energetic
to be accelerated. Some theoretical models exist that try to identify such a physical
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mechanism. One mechanism at quasi-perpendicular shocks is the repeated reflection of
ions at the cross-shock electrostatic potential (Zank et al., 1996, 2010; Lee, 1983). At
a parallel shock, some particles may be energized similarly by reflection at the crossshock potential, leading to the formation of a diffuse upstream beam (Gosling et al.,
1980; Rice et al., 2000b; Zank et al., 2001). Upstream leakage of particles (Malkov,
1998; Schwartz et al., 1983) may also provide an injection source. None of these mechanisms produces a completely mono-energetic particle distribution function but it is
a useful simplification. However, none of these mechanisms for quasi-parallel shocks
is yet accepted commonly as the injection mechanism for diffusive shock acceleration.
While much work has been done to study the second term in the brackets
of Equation 2.9 (Mason, 2000; Desai et al., 2003), the first term has not been considered as thoroughly in the context of injection. In this dissertation, the injection
distribution term Q(p0 ) is neglected in favor of the background distribution function
f (−∞, p0 ) in order to determine whether a thermal solar wind distribution (a Maxwellian or kappa distribution function) has a sufficient number of particles in the thermal
core to explain the observed accelerated population for a large fraction of observed
shocks. This will be discussed more fully in Chapter 4 and Chapter 5. The question
as to whether DSA alone adequately explains the spectra is not as easily answered.
The shocks used in this study are specifically chosen because there were no shocks
in the preceding twenty hours, which is meant to decrease the likelihood of there
being additional and distinct seed particle populations. However, some of the spectra
observed are better represented by a double power law distribution or a power law
and roll-over distribution, indicating that the effects of time dependent acceleration
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and particle loss (Zank et al., 2000; Li et al., 2003; Verkhoglyadova et al., 2009; Zank
et al., 2007) may be important and the steady-state DSA theory used here may not
be well suited for these cases. Figure 2.1 shows a typical unrolling of the accelerated
spectra for five minutes before (black points), one hour before (red points), and six
hours before (blue points) shock arrival for the quasi-perpendicular shock on 2000,
February 11. While not all shocks exhibit behavior this characteristic, the unrolling
spectra is clearly seen in the increase in particle distribution, with a simultaneous
flattening of the spectra, especially in the higher energies.
The shocks employed in our study of diffusive shock acceleration at quasiparallel and quasi-perpendicular shocks for single shocks were identified by inspection
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Figure 2.1: Evolving accelerated spectra for the quasi-perpendicular shock on 2000,
February 11 for five minutes (black), one hour (red), and six hours (blue) before shock
arrival.
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of the online Advanced Composition Explorer (ACE) shock database as well as crossreference of an in-house subset of the ACE shock database for suitable quasi-parallel
and quasi-perpendicular shocks. Shocks are excluded if there were an additional
shock within the previous twenty hours. This criterion in principle ensures that
there is no seed particle population contaminating the upstream distribution and
acceleration of only the ambient upstream distribution is expected. It is also assumed
that the shock obliquity is constant throughout the acceleration process. While this is
clearly unphysical, it is a necessary simplification in the steady-state model. Finally,
when determining the injection energy, Einj , that best leads to an agreement of the
accelerated spectrum with observations, an upper and lower bound is assumed such
that
1 keV ≤ Einj ≤ 10 keV.

(2.10)

The lower bound has been discussed previously and is necessary to ensure the particle
has a sufficient minimum energy (a few times the thermal energy) to make an initial
crossing back upstream of the shock boundary. The maximum energy is derived from
studies of injection energy as a function of shock obliquity (Zank et al., 2006) and
while 10 keV is arbitrarily taken, it is representative of the maximum energies at quasiperpendicular shocks. Thirteen quasi-parallel and twenty-four quasi-perpendicular
shocks are used in this study. While the shocks used in our study are certainly not
an exhaustive list, it is a representative subset of the shocks in the ACE database.
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CHAPTER 3

DATA

3.1

Overview

Throughout this study in Chapter 4, Chapter 5, and Chapter 6, data from
multiple sources is used to either derive the upstream particle distribution functions
that are used extensively in the study or to help confirm the theoretical assumptions
used in this study. Instrument data from the Advanced Composition Explorer (ACE)
and Wind satellites is used and referred to routinely throughout this manuscript.
Additionally, two interplanetary solar wind shock databases are consulted for information on shock parameters: the Advanced Composition Explorer (ACE) shock
database1 and the Wind shock database2 . Lastly, the acceleration of particles at multiple shocks study utilizes the Coordinated Data Analysis Workshop (CDAW), the
Solar Eruptive Event Detection System (SEEDS), and the Computer Aided CME
Tracking (CACTus) databases in order to understand the frequency of occurrence of
coronal mass ejections (CMEs) at different time periods in the solar cycle. Each data
set and accompanying analysis is described in the following sections.
1
2

ACE shock database: http://espg.sr.unh.edu/mag/ace/ACElists/obs_list.html#1999.
Wind shock database: http://www.cfa.harvard.edu/shocks/wi_data/.
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3.2

Satellite Data

3.2.1

Advanced Composition Explorer Satellite
The ACE spacecraft was launched in 1979 to the Sun-Earth first Libration

point (L1) orbit. The L1 orbit is ∼240 Earth radii (Re ) sunward of the Earth and is
considered a stable gravitational orbit with only minor spacecraft maneuvers needed
to keep the spacecraft in the correct orbit. This orbit is well suited to acquire data
from CMEs and solar energetic particle (SEP) events (among other events) originating
from the Sun. Satellites at L1 receive energetic particle information a few hours
ahead of particle impact with Earth and as such are able to give warning of possible
geomagnetic disturbances.
ACE is operational as of this writing with plans to continue to operate, although the real-time data may not be available in the near future. The ACE spacecraft has nine instruments onboard which measure quantities associated with the
solar wind, interplanetary magnetic field, and accelerated particles from the Sun and
other parts of the heliosphere (Stone et al., 1998). The two instruments utilized in
this study are the Solar Wind Electron, Proton, and Alpha Monitor (SWEPAM) and
the Electron, Proton, and Alpha Monitor (EPAM), described in Section 3.2.1.1 and
Section 3.2.1.2. The Level II data for both instruments was downloaded from The
ACE Science Center at the California Institute of Technology3 .
3

Level II ACE data: http://www.srl.caltech.edu/ACE/ASC/.
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3.2.1.1

Solar Wind Electron, Proton, and Alpha Monitor

Moment data from the SWEPAM instrument flown on ACE is the primary
source of data used to construct the assumed upstream particle distribution functions
in this study. SWEPAM measures solar wind plasma and ion fluxes as a function of
direction and energy. The study uses the 60 second spin-averaged data which averages
out any directional dependence and so particles in this energy range are assumed to be
isotropic. SWEPAM is a particle analyzer which is capable of measuring energies from
264 eV - 35.8 keV (McComas et al., 1997). However, the intent of the instrument is
to retrieve information from the peak of the solar wind, so in practice the instrument
generally sweeps up to only a few keV.
Dr. Ruth Skoug / Los Alamos National Laboratory (LANL) kindly provided
particle distribution data from SWEPAM for the initial part of this study. Figure 3.1
shows a sample of the particle distribution data for 2002, July 17. The particle
distribution functions are the points centered at ∼1 keV. The presence of a shock is
clearly identifiable in the figure; the five minutes immediately before the shock are
plotted as black points and the five points immediately after the shock are plotted
as red points. No correction has been made for possible contamination from alpha
particles or heavy ions, as all particles are assumed to be protons. This is possibly
an over-simplification, as this study is aware of He++ ions in the SWEPAM data,
which can be seen in Figure 3.1 as the slight leveling off and then decrease in the
“before” points at ∼ 3 keV as the peak of the helium component in the solar wind.
However, the He++ component of the bi-Maxwellian distribution is comparatively
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Figure 3.1: SWEPAM particle distributions. Plot of particle distribution versus
energy using data from the SWEPAM instrument on ACE. The particle distribution
data was supplied by Dr. R. Skoug/LANL.

small compared to the proton component, as He++ /H+ ∼ 0.02 − 0.04, making their
neglect reasonable.
To further characterize the shock environment, a plot of the energy intensity
for the particle distributions per day was created and is shown in Figure 3.2. This
makes it very easy to confirm the time of day the shock arrived at ACE. From these
plots the array indices of the shock arrival was acquired for all shocks in the quasiparallel and quasi-perpendicular study (see Chapter 4 and Chapter 5). As a second
check and to explore the moment data from SWEPAM, the density and temperature
are also plotted in Figure 3.3. The shock arrival time at ACE is shown as the vertical
line and is noticeable in the density plot as the sudden increase in density.
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Figure 3.2: Energy Intensity. Plot of energy intensity versus time showing the arrival
of the shock at ACE at ∼ 55.6 UTC.
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Figure 3.3: SWEPAM moments. Plot of density (top panel) and temperature (bottom panel) from the SWEPAM instrument on ACE. The shock arrival is shown as
the vertical line.
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The SWEPAM moments are used to construct the assumed upstream background particle distribution function used in the quasi-parallel and quasi-perpendicular
studies. Shock times are found in the datasets and visual confirmation of the density
jump is used for the exact time of the shock arrival in the 60 second spin averaged
data. The upstream density, temperature, and reference velocity are found by averaging the previous five points immediately preceding the shock arrival. These values
are then used in construction of the assumed upstream particle distribution function
where

f (p) = n

m
2πkB T

3/2
exp

− (p − po )2
2mkB T

!
(3.1)

is used to construct the upstream Maxwellian distribution and

n

γ (κ + 1)
f (p) =
3/2 3 γ (κ − 1/2)
(κπ) θ

1 + (p − po )2
(κm2 θ2 )−κ−1

!
(3.2)

is used in constructing the upstream κ- distribution, where n is density, m is mass
of the particle, kB is Boltzmann’s constant, T is temperature, p is momentum, and
θ =

p

(2kB T (κ − 3/2)/mκ) is the temperature associated with the kappa distribu-

tion. No formal information could be found relative to the specific model used to fit
the SWEPAM observations. Therefore, fits to SWEPAM observations immediately
preceding a shock were performed using Equation 3.1 and Equation 3.2 for eleven of
the cases. In each case, the upstream Maxwellian and κ- distributions were multiplied
by a constant to achieve the desired fit. The constant ranged from 0.0006 < α < 0.004
in those cases, where 0.0006 was an extreme value. For the shocks where particle
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distribution data was not provided, a manual fit to the upstream distribution to observations was not possible. In those instances, Equation 3.1 and Equation 3.2 are
multiplied by α = 0.005. Figure 3.4 shows the SWEPAM particle distribution data
immediately upstream of the shock for 2001, October 31 and the corresponding fits
of the constructed upstream Maxwellian distribution in red and κ- distribution with
κ = 4 in blue. In this case, the upstream distribution was multiplied by α = 0.002.
The fit bounds the data for both the Maxwellian and κ- distributions with the κdistribution slightly better at modeling the data at the upper energies. We consider
the fits done in support of this research sufficient for the construction of the theoretical
upstream particle distribution.
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Figure 3.4: Upstream fit to SWEPAM data for 2001, October 31. The constructed
Maxwellian distribution is over plotted in red and the upstream κ-distribution with
κ = 4 is overlaid in blue.

45

3.2.1.2

Electron, Proton, and Alpha Monitor

The EPAM instrument on ACE is a solid state detector which measures the
particle count rate for eight energy bins in the energy range of ∼ 50 keV - 5 MeV
(Gold et al., 1998). The specific energy bins are shown in Table 3.1. The five minute
spin averaged Level II data supplied on the website is given as a differential flux. My
analysis routine then converts the differential flux to a particle distribution function
so the observations can be better compared with the theoretical accelerated distributions.

Table 3.1: EPAM energy channels. Energy ranges for the eight energy channels used
by EPAM instrument.
Channel Energy range Mean energy
(MeV)
(MeV)
E1
E2
E3
E4
E5
E6
E7
E8

0.047 - 0.067
0.067 - 0.115
0.115 - 0.193
0.193 - 0.315
0.315 - 0.58
0.58 - 1.06
1.06 - 1.88
1.88 - 4.7

0.056
0.088
0.149
0.247
0.427
0.784
1.412
2.973

The data from the Low-Energy Magnetic Spectrometer-30 (LEMS30) telescope
was used in this study. The number “30” denotes the angle in degrees from the spin
axis. Therefore, the LEMS30 telescope is directed towards the sun. In order to ensure
isotropy and hence the assumptions in deriving the transport equation (detailed in
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Chapter 2) are valid, a comparison was performed for the data from LEMS30 and
LEMS120 telescopes, where the LEMS120 is pointing Earthward.
When the particle distributions for LEMS30 and LEMS120 were compared for
all dates and energy channels in the quasi-parallel study, there were only two or three
instances that were found to be highly anisotropic. Figure 3.5 shows a scatter plot of
the LEMS30 and LEMS120 telescopes for 2001, October 28, one of the dates in the
study. The plots from left to right and then down are of each energy bin in order of
increasing energy. Generally the points follow a one to one line in the figure for the
different energy bins. Figure 3.6 shows the ratio of LEMS30 to LEMS120 for each of
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Figure 3.5: LEMS30 versus LEMS120. Shown is a scatter plot of particle distribution data from the LEMS30 telescope versus that of the LEMS120 telescopes on
EPAM for 2001, October 28 for the eight energy channels.
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Figure 3.6: Ratio of LEMS120 to LEMS30. Shown is the ratio of particle distributions from the LEMS30 telescope and LEMS120 telescope on EPAM for 2001,
October 28 for the eight energy channels.

the energy bins, showing the ratios staying below five for this date. The observations
for the remaining occurrences showed that the particles were very well described by
an isotropic distribution.
The significance of the Compton-Getting effect for the energy ranges in this
study was also investigated. Haggerty et al. (2006) performed a study comparing
LEMS30 and LEMS120 data and determined that the Compton-Getting effect was
of second-order (Haggerty et al., 2006; van Nes et al., 1984). Because our study
does not require detailed angular information, we do not therefore include this effect
in our study. Since the observed energetic particle distribution was shown to be
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approximately isotropic in the energy ranges observed by the EPAM instrument, the
1D transport equation is used to derive the accelerated downstream distribution.

3.2.2

Wind Satellite
While the SWEPAM instrument is capable of measuring energies up to 36 keV,

it was designed to measure the peak of the solar wind and therefore generally stops
well short of this upper bound. This leaves a gap in observations between the energies of ∼ 3 keV to 50 keV. In order to explore further the contention that diffusive
shock acceleration energizes particles directly out of the thermal pool, additional observations in the range of 2-50 keV were sought. The Ion Electrostatic Analyzers
(PESA)-High instrument, which is a solid state detector and part of the 3D Plasma
and Energetic Particle experiment on board Wind, collects particles with energies between 0.7-30 keV (Lin et al., 1995). The Wind spacecraft was launched in 1994 and
is not in a stationary orbit like ACE, but travels throughout the near-Earth region of
space, and includes measurements in the magnetosphere, petal orbits around Earth
moving in and out of the magnetosphere, and Sunward orbits which encircle L1. For
this study, there are times when Wind is ahead of the Earth and relatively close
to ACE. During these periods, a shock would sometimes sweep over both ACE and
Wind. To determine the position of Wind, environment data plots from Coordinated
Data Analysis (Workshop) Web (CDAWeb) were used which identify the position
of the Wind spacecraft in Geocentric Solar Ecliptic (GSE) coordinates, making it
possible to confirm the position of Wind in relation to ACE at L1.
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Once the dates were confirmed for when Wind was in the correct position to
see a shock, the binary data for the days was downloaded4 . A computer program to
read the binary data was supplied and described by Dr. Lynn Wilson, III / Deputy
Project Scientist for the Wind Program at Goddard Space Flight Center (GSFC).
After extraction of the binary data, the count rates for the PESA High instrument
were converted to phase space density.

3.3

Interplanetary Shock Databases

Solar wind interplanetary shock databases for ACE and Wind are used in
this study as well. Shock parameters from ACE are used for all the shocks in the
quasi-parallel and quasi-perpendicular study, while shock parameters from Wind are
used only for those instances when Wind is relatively close to L1, or outside the
Earth’s bow shock region. Information from these databases is necessary in order
to understand the upstream and downstream plasma environments. The databases
contain information such as shock compression ratio, the estimated angle between
the magnetic field and the shock normal, density, temperature, etc. For most of
the shocks, summary plots such as Figure 3.7 were provided by Dr. Qiang Hu /
University of Alabama in Huntsville, Physics Department. Figure 3.7 shows magnetic
field information, velocity, density, and temperature for before and after the shock
arrival at ACE for 1998, June 13. The shock arrival is identified by the vertical lines.
At the bottom of each figure is the summary information for the plots. These plots
4

Wind binary data: http://sprg.ssl.berkeley.edu/wind3dp/.
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Figure 3.7: ACE shock parameters. Shock parameters such as magnetic field,
velocity, density, etc. as observed at ACE for 1998, June 13. Plot curtesy of Q.
Hu/UAHuntsville.

were instrumental in helping to understand the shock environment and giving a quick
daily summary of the information needed in the study.

3.4

Coronal Mass Ejection (CME) Databases

In completing the study of the multiple shock analysis detailed in Chapter 6,
three different databases of CMEs were examined. The different databases used were
the Coordinated Data Analysis Workshop (CDAW) database maintained at GSFC,
the Solar Eruptive Event Detection System (SEEDS) database at George Mason
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University, and the Computer Aided CME Tracking (CACTus) database funded in
part by the European Space Agency (ESA).
The CDAW database uses a manual detection method for the CMEs, using the
C2 and C3 images from the Large Angle and Spectrometric Coronagraph (LASCO)
instrument on the Solar and Heliospheric Observatory (SOHO) satellite which is in
the L1 orbit. The onset time, position angle, and angular width of the CME are
catalogued and the linear speed is calculated by fitting a line to the fastest section of
the height-time measurements (Gopalswamy et al., 2009).
The SEEDS database uses an automated process to detect the onset of the
CME from the LASCO C2 images. A filter process is applied to extract noise and stars
from the images. Running-difference images are produced which allows the CME to
appear bright in the images. The half-maximum intensity is found in the radial intensity plots and the velocity is then calculated from successive half-maximum positions.
The database has parameters such as the start time of the CME, central position
angle, the width of the CME, velocity, and fits for the acceleration (Olmedo et al.,
2008). The SEEDS database was validated by comparing to the CDAW database
for a twelve month period showing SEEDS detected 75% of the CMEs in the CDAW
database, and it detected 100% more small or anomalous transient events that were
not in the CME database.
The CACTus database also uses an automated process to detect CMEs using
the LASCO C2 and C3 images. This process uses a Hough transformation allowing
the CMEs to appear as bright lines in the images. Position and width are then
calculated. The velocity is calculated for each angle within the width (cone) of the
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CME, which is then averaged to give a reference velocity. This reference velocity is
not physical and generally an underestimate of the velocity, but is considered a proxy
for the overall CME speed. This method was also compared to the CDAW database
and recovered 94% of the CMEs that were in the CDAW database. However, it found
an additional three times more CMEs, presumably smaller or anomalous transient
events (Robbrecht and Berghmans, 2004).
A year’s worth of data around solar maximum (∼ 2000) and solar minimum
(∼ 2009) was downloaded from all three sites. The smaller and possible anomalous
transient events were excluded from this study in favor of the larger CMEs which are
more likely to produce shocks sufficiently energetic to accelerate particles. For each
of the databases and time period a statistical survey was performed focusing on the
velocity of the shocks and the number of shocks in the time period. This statistical
survey was performed for all the databases, but only results from the CDAW database
are shown, Figure 3.8 and Figure 3.9. A summary of the results is given in Table 3.2.
Figure 3.8 shows the number of CMEs detected in a three day period for solar
maximum (black line) and solar minimum (red line). The solar maximum time period
frequently observes more than ten CMEs per three day period, with upwards of 25
CMEs on occasion. The corresponding information for solar minimum, as expected,
shows that the number of CMEs is significantly reduced from that seen at solar
maximum. The number seen per three days ranges from values of 0 to 14. Generally,
the number of shocks per three days is less than ten during solar minimum.
A note of caution is necessary in interpreting these figures. The CMEs in
the database are those viewed on the Earthward directed side of the sun, but not
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Figure 3.8: CME frequency. Number of CMEs per three day period in the CDAW
survey for solar maximum (black line) and solar minimum (red line).
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Figure 3.9: CME velocity. Velocities of CMEs in the CDAW survey for solar maximum (black line) and solar minimum (red line).
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necessarily Earthward directed. The databases give the position angle of the CME,
but no information is given as to whether the CME interacted with the Earth or even if
the CME were on the Earthward facing side of the sun. That information would need
to be decided by considering the position angle of the CME, by correlating the CME
to the shock databases at L1, or studying other instrument data at Earth orbiting
satellites, such as Geostationary Operational Environmental Satellite (GOES). This
study considers a subset of space that is within the field of view reported in the CME
databases. Further, it is assumed that the CME expands outward and so specific
shock information at L1 is not needed. These assumptions are detailed further in
Chapter 6.
Figure 3.9 shows the estimated initial velocity of the CME for each of the
shocks in the solar maximum (black line) and solar minimum (red line) time periods.
During the solar maximum time period, the dominant number of shocks (∼ 300)
had an estimated velocity between 300 - 400 km/s. The second largest number
of shocks (∼ 280) corresponds to 400 < v < 500 km/s. While the peak of the
distribution is at velocities less than ∼ 800 km/s, CMEs with velocities > 1500 km/s
(and some as high as ∼ 2500 km/s) are also observed. Interestingly, while the number
of shocks is smaller for the equivalent grouping of CMEs at solar minimum due to
the smaller overall number of CMEs in this time period, Figure 3.9 shows that the
shape of the distributions is similar for both solar minimum and solar maximum,
although solar minimum CMEs peak at a slight lower velocity than at solar maximum.
The maximum number of CMEs for the solar minimum time period had a velocity
200 < v < 300 km/s and the second largest group had a velocity equal to ∼ 150 km/s.
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The total number of shocks in this comparison for all three databases is summarized in Table 3.2. The SEEDS database detected the maximum number of CMEs
during solar maximum with the CDAW and CACTus databases producing an almost
equivalent number. The CDAW database detected the largest number of CMEs for
solar minimum with SEEDS the second largest, and CACTus detected the least. Ultimately, parameters from the CDAW database were chosen to use in the study, but any
of the databases would have given adequate information needed for the theoretical
model derived in Chapter 6.

Table 3.2: CME comparison. Summary of CMEs detected for solar maximum and
solar minimum for all three CME databases.
Database

Number of shocks,
solar maximum

Number of shocks,
solar minimum

CDAW
SEEDS
CACTus

1620
4186
1632

702
252
179
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CHAPTER 4

PARTICLE ACCELERATION AT A SINGLE QUASI-PARALLEL
SHOCK

4.1

Overview

Our initial analysis of diffusive acceleration of particles at a single shock focuses on quasi-parallel shocks. The injection of particles at a quasi-parallel shock
is less complicated than at a quasi-perpendicular shock. The geometry of the shock
normal and magnetic field allow for multiple shock crossings by the particle before the
particle propagates away from the shock. Upstream wave excitation is generated by
the streaming of protons at quasi-parallel shocks and so the scattering process is not
complicated by the need to include the perpendicular diffusion coefficient. For these
reasons, it was reasonable to analyze quasi-parallel shocks first before addressing the
more complicated case of quasi-perpendicular shocks (Chapter 5). The upstream solar wind particle distribution function used in this chapter is either a Maxwellian or
a kappa distribution, but other distributions could be used as well. Zank et al. (1996,
2010); Burrows et al. (2010) use a shell distribution function as the particle distribution function for pickup ions, for example. A set of quasi-parallel interplanetary
shocks at 1 AU is identified (Neergaard Parker and Zank, 2012) and the observed solar
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wind proton parameters are used to model the upstream distribution for the shock
acceleration calculation. Results of the observed energetic particle power law are
compared to the amplitude/intensity of the calculated energetic particle spectrum,
which allow determination of the necessary injection threshold thereby allowing a
direct test of the injection theory at interplanetary shocks.
Initially, a Maxwellian is used as the upstream background population. Assuming no injection population of accelerated particles and an upstream distribution
in the form of a Maxwellian, Equation 2.9 takes the form

3u1 n
f (0, p) =
u1 − u2



m
2πkB T

3/2

p−q

Z

p

pinj

p0q−1 exp

−(p0 − po )2
2mkB T

!
dp0 ,

(4.1)

where u is the flow velocity, p is the particle momentum, n is the upstream particle
number density, m is the mass of an ion, kB is Boltzmann’s constant, T is the kinetic
temperature of the distribution, pinj is the injection momentum, and the subscripts
1 and 2 denote the upstream and downstream quantities, respectively. Although
Equation 4.1 is expressed in terms of momentum space, results are expressed in terms
of energy and the injection momentum is referred to as the injection energy.
For the initial application, an injection energy of 1 keV is assumed for all cases.
The choice of 1 keV is motivated by the need to ensure that the particle velocity is
sufficiently great that it can propagate back upstream against the supersonic flow of
the solar wind (Zank et al., 2000; Lee, 1983; le Roux and Webb, 2009). A particle
with a velocity of ∼ 400 km/s corresponds to an energy of 1 keV. Therefore, choosing
1 keV as an initial injection energy is a reasonable first assumption. The upstream
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Maxwellian particle distributions were constructed using candidate density, velocity,
and temperature values to simulate particle distributions found in the typical solar
wind at 1 AU. Initial values of n = 8.7 cm−3 , u = 471 km/s, and T = 1.137 × 105 K
are used to construct the upstream Maxwellian and kappa particle distributions used
in Figure 4.1.
From Figure 4.1, the core or thermal part of the distribution is centered around
the peak of the Maxwellian, which is essentially the solar wind speed (∼ 1 keV). The
accelerated suprathermal tail is at energies ∼ 10 keV and greater, which is essentially
beyond the Maxwellian tail. The injection energies predicted theoretically for quasiparallel shocks are somewhat larger than those associated with the upstream bulk
velocity i.e., ∝ u21 , which means that particles close to the thermal core should not
be accelerated. Figure 4.1 illustrates the accelerated downstream spectrum obtained
from Equation 4.1 using upstream background populations modeled as Maxwellian
and kappa distributions and a range of injection energies: 1.0, 1.5, and 3.0 keV.
The left hand column shows a constructed Maxwellian with a shock compression
ratio of four (top panel) and two (bottom panel). The right hand column shows the
constructed upstream kappa distribution with κ = 2 using the same input parameters
as the Maxwellian and again r = 4 (top panel) and r = 2 (bottom panel). The shaded
regions for all four plots identifies those particles in the respective distributions with
energies greater than the injection energy. Figure 4.1 also illustrates the number of
particles accelerated using the different upstream particle distribution functions. The
differences are most apparent at the higher injection energies. Kappa distributions
in general have a larger population of particles in the wings than do Maxwellians.
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Figure 4.1: Constructed upstream distributions. Shown are the constructed upstream Maxwellian distribution (left column) and kappa distribution (κ = 2, right
column) and associated accelerated distributions for injection energies of 1 keV (·),
1.5 keV (-), and 3 keV (-·-) using Equation 4.1 and a correspondingly modified equation for the kappa distribution. For shocks with compression ratio r = 4, we obtain
a spectral index q = 4 and for r = 2, q = 6.

The kappa used in Figure 4.1 has the value of κ = 2, which is a large departure
from a Maxwellian and as such demonstrates clearly that there is a larger population
available to be accelerated in the kappa distribution. As the injection energy is
increased, the available pool of particles to be accelerated decreases.

4.2

Comparison with Observations

Observations from the ACE spacecraft are used to construct a realistic upstream Maxwellian representative of the core solar wind and we accelerate these
particles above a given injection energy using Equation 4.1. The choice of injection
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energy is iterated until the model results are consistent with energetic particle observations from the ACE (Section 4.2.1) and, if appropriate, Wind (Section 4.2.2)
spacecraft. This process is done manually and as a result the identified injection
energy is somewhat subjective. The error estimated for this process is ∼10%, with
a lower uncertainty for smaller injection energies. The level of uncertainty is based
on experience in choosing injection energies for the many cases that are considered
and finding that there is at most a 10% latitude in the choice of injection energy
based on the subsequent fit to the observed power law. As discussed in Chapter 3,
no corrections were made for possible contamination of the observed distribution by
alpha particles or heavy ions and it is assumed that all particles are protons. Additionally, the spectral index and intensity are computed and compared to the power
law fit of the observed accelerated ions. The upstream distributions used in the study
are constructed by assuming that a Maxwellian or κ-distribution is the appropriate
upstream distribution and using the averaged observed upstream data obtained by
ACE (Chotoo et al., 1998). No injection of particles at the shock is included.
The shock obliquity and shock compression ratio (and hence spectral index)
are quantities that are taken from the ACE shock database. A note of caution is
necessary, however, since we are using data that is derived over a very short time
period (such as the time it takes the shock to pass the spacecraft) and assuming
that this time scale is appropriate for comparison with parameters that evolve over
longer periods of time (i.e., over diffusive time scales on which the energetic particle
spectrum evolves). The time scale for diffusive shock acceleration is determined by
the diffusive time scale which is essentially the ratio of the diffusion coefficient and
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the large scale flow speed, κ/usw . For typical values of κ and usw , this time scale
is much larger than the time scales on which the spacecraft is observing variations
in the shock compression ratio, shock obliquity, or other parameters. Therefore,
it may not be completely appropriate to relate the observed shock parameters to
the observed energetic particle spectrum. A more appropriate method would be to
average the plasma and magnetic field quantities associated with the interplanetary
shock over the corresponding diffusion time scale. Unfortunately, this is not possible
to do in practice and so the observed plasma parameters are used here as a proxy for
the correctly averaged shock conditions that yield the observed accelerated particle
spectrum. Consequently, the error associated with the observed shock parameters
cannot sensibly be propagated through to the error in terms of the diffusive shock
acceleration process. An error to these quantities is not assigned, as they are used as
a proxy for the averaged quantities that would ideally be used in the study.

4.2.1

Comparison with ACE Observations
The Solar Wind Electron, Proton, and Alpha Monitor (SWEPAM) instrument

on the Advanced Composition Explorer (ACE) satellite (Stone et al., 1998; McComas
et al., 1997) measures solar wind plasma and ion fluxes as a function of direction and
energy in the energy range of 260 eV to 36 keV. This data is used to compute the
upstream plasma distribution in order to compare theoretical results with energetic
proton and ion spectra observed at quasi-parallel shocks. The spin averaged data is
used for the comparison. Specifics of the instruments and data analysis used in this
study are described more fully in Chapter 3.
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Level II five minute averaged data for Low-Energy Magnetic Spectrometer-30
(LEMS30) from the Electron, Proton, and Alpha Monitor (EPAM) instrument (Gold
et al., 1998) on board ACE is used. The EPAM observations provide information
about the accelerated region of the particle distribution function in the energy range
of 47 keV to 5 MeV and hence a better understanding of the processes involved in
accelerating particles through the shock. Having data from instruments on the same
spacecraft allows for data that is coincident in space and time.
For each shock used in the study, the data is plotted, being careful that all
quantities are plotted in the solar wind frame upstream and downstream of the stationary shock. Shock times are confirmed with data in an existing database maintained in-house, as well as cross-referenced with the ACE shock database. There is,
on occasion, some ambiguity of the shock arrival time in the databases. The times
were also confirmed by visual inspection of the plasma moments in the SWEPAM
observations as the jump in density is very apparent at the time of shock arrival at
the spacecraft.
The accelerated distributions predicted by the model are compared to data
from quasi-parallel shocks observed at 1 AU. A subset of the ACE shock database
was reviewed for appropriate quasi-parallel shocks (≤ 45◦ ). For the period 1998-2002,
23 shocks were identified with θBn between 3 and 40◦ , where θBn is the angle between
the magnetic field and the shock normal. The sample was further reduced for this
study by excluding reverse shocks and those that appear to be very slow and are not
unambiguously true shocks. Additionally any shocks for which an enhanced energetic
particle population was present for the previous twenty hours were excluded. Thus,
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if the database showed another shock passing ACE in the previous twenty hours,
the shock under consideration was excluded. This in principle would allow for the
acceleration of only the background upstream distribution with no additional seed
particle population. Thirteen shocks remained from the original subset that fit these
criteria.
For the thirteen shocks, an upstream Maxwellian is constructed using the average of the moments from SWEPAM observations and a multiplicative constant found
through our own fitting routine for the five minutes immediately preceding a verified
shock. This yields a physically realistic upstream distribution from which protons are
then accelerated. The parameters used to construct the upstream distributions are
found in Table 4.1. An upstream Maxwellian is used because it closely resembles the
observed solar wind thermal distribution (Chotoo et al., 1998). The energetic data
observed using EPAM directly after the shock arrival at L1 is then over-plotted. The
choice of injection energy is iterated until the model spectrum is consistent with the
observed amplitude of the spectral data for EPAM. The uncertainty in the EPAM
data as given in the Level II data was studied and initially plotted. However, this
uncertainty is of the order 10−2 − 10−6 smaller than the data. Due to this very small
uncertainty, the error bars were indistinguishable from the data symbol used (*) and
are therefore not plotted.
The approach described above identifies an injection energy within the parameters of the observed upstream solar wind thermal distribution that is consistent with
the observed spectral amplitude derived for the EPAM instrument. By iterating the
injection energy, it is possible to determine whether the derived injection energy is in
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agreement with the theoretical constraints of Equation 2.3 and Equation 2.5. Since
the observed shock compression ratio, r, is used, the predicted accelerated spectrum,
q = 3r/(r − 1), is compared to that observed for these various ESP events. The
consistency of the derived injection energy and the observed energetic distribution
function therefore provides a direct test of injection within the process of diffusive
shock acceleration, particularly whether particles can be injected directly from the
thermal solar wind distribution or not.
Figure 4.2 - Figure 4.4 show results for 2002 July 17, 2001 September 29, and
2000 August 14, respectively. The detailed characteristics of these shocks and others
are tabulated in Table 4.2. This includes the shock compression ratio and obliquity.
The observed shock characteristics are used to compute the theoretical accelerated
power law spectrum. The slope of the dotted line, identified by “q” in the plots
which corresponds to the spectral index, is of course different for each case, as is the
injection energy. The observations align well with the expected theoretical spectra
of the accelerated population in all four cases. The injection energies varied from
1.3 keV to 2.6 keV.
To ensure that a Maxwellian distribution has a sufficient number of particles
in the tail to provide the injection population for diffusive shock acceleration, the
analysis was extended to include an upstream κ-distribution as the background distribution, based on the same set of thirteen shocks. When comparing the theoretical
results to observations, it was found that generally the κ-distribution for κ = 2 or 4
required a significantly higher injection energy in order for the theoretical spectrum
of acceleration ions to coincide with the observed spectrum. The inferred higher
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Figure 4.2: 2002, July 17 accelerated distribution. The constructed upstream Maxwellian distribution derived from the observed plasma distribution ahead of the shock
and the associated accelerated distribution (dashed line) using Equation 4.1 for 2002,
July 17 assuming an injection energy of 1.30 keV. The corresponding distributions
for κ = 10 are shown as dotted lines. Data taken immediately after the shock from
the EPAM instrument on ACE are over-plotted.

injection energy for a κ-distribution upstream of the shock is a direct consequence
of the much larger number of particles in the “wings” of the distribution. An injection energy comparable to that derived from a Maxwellian distribution yielded
theoretical power spectra that had much higher amplitudes than were observed. The
injection energy had to be increased significantly in order to reduce the amplitude of
the computed spectra. Thus, the results from using an upstream κ-distribution with
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Figure 4.3: 2001, September 29 accelerated distribution. As with Figure 4.2, constructed upstream Maxwellian distribution and associated accelerated distribution
(dashed line) using Equation 4.1 for 2001, September 29 using an injection energy
of 2.60 keV. The corresponding distributions for κ = 10 are shown as dotted lines.
Data taken immediately after the shock from the EPAM instrument on ACE are
overplotted.

κ = 2 or 4 generally yield injection energies unrealistically higher than one would
expect for a typical quasi-parallel interplanetary shock (Zank et al., 2000). Additionally, a distribution with κ = 8 or 10 was used and the accelerated spectrum was found
to be similar to that produced by the Maxwellian. This is not surprising, as the κdistribution tends towards a Maxwellian for large κ. These results are shown in Section 4.3. The analysis based on a κ- distribution rather than a Maxwellian supports
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Figure 4.4: 2000, August 14 accelerated distribution. As with Figure 4.2, constructed upstream Maxwellian distribution and associated accelerated distribution
(dashed line) using Equation 4.1 for 2000, August 14 using an injection energy of
1.70 keV. The corresponding distributions for κ = 10 are shown as dotted lines. Data
taken immediately after the shock from the EPAM instrument on ACE are overplotted.

the earlier conclusion - that a suprathermal population of protons is not needed to
provide the seed population for diffusive shock acceleration at quasi-parallel shocks.
Instead protons are injected directly from the solar wind thermal pool, initially with
energies above ∼ 1.5 keV. Consequently, the results for quasi-parallel shocks are given
in terms of an upstream background Maxwellian population or a kappa distribution
that is a weak departure from a Maxwellian.
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The phase space density for both SWEPAM and EPAM is plotted for the
ten minutes immediately preceding and following the shocks. A least-square polynomial fit routine is employed to determine the slope (and standard deviation) of the
accelerated distribution immediately after the shock in the EPAM data. This corresponds to the “q” value in the p−q term in Equation 2.9 that dominates the accelerated
distribution. Ideally, the slope will be the same or close to the spectral index found
using theory, which would indicate a strong correlation between the steady-state diffusive shock acceleration theory to observations of particles being accelerated out of
the approximately Maxwellian distribution of the solar wind.
In Figure 4.5, the particle distributions from the SWEPAM (lower energies)
and EPAM (higher energies) instruments on ACE for the 2002, July 17 shock for ten
minutes immediately preceding black points and following red points the shock are
plotted. The power law of the fit to the line through the EPAM data immediately
following the shock passage is γ = −4.82 ± 0.07. The uncertainty in the power law
fit to the EPAM data was initially plotted. However, due to the small uncertainty
and the log-log plot, the error bars were indistinguishable from that of the power
law fit. Therefore, the values for the fit and uncertainty are given in the plot details
and only the fit is plotted. The corresponding theoretical spectral index for this case
is -4.85, which is within one sigma deviation from the data. The shock passage is
very easy to distinguish in the SWEPAM distributions. In the points preceding the
shock, the particle numbers are lower and the + He contribution to the solar wind is
recognizable in the slight increase at ∼ 1 keV. After the shock passage, the numbers
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Figure 4.5: Solar wind particle distributions. Data for before (black) and after
(red) the shock on 2002, July 17. The particles centered around 1 keV are data
observations from SWEPAM, while the second group of data (*) are observations
from EPAM. Both instruments are on ACE. The line through the EPAM data is the
power law fit to observations immediately following the shock encounter. The power
law fit and uncertainty are reported in the plot as γ.

have increased and the + He contribution is not visible, as the post shock points have
a more uniform distribution.

4.2.2

Comparison with Wind Observations
While the SWEPAM instrument is capable of measuring energies up to 36 keV,

it was designed to measure the peak of the solar wind and therefore generally stops
well short of this upper bound. This leaves a sizable gap in energies between the
SWEPAM and EPAM data, as can be seen in Figure 4.5. To explore further the
contention that diffusive shock acceleration energizes particles directly out of the
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thermal Maxwellian pool, additional observations in the 2-50 keV range are desirable.
The Ion Electrostatic Analyzers (PESA)-High instrument, which is part of the 3D
Plasma and Energetic Particle experiment on board Wind, collects particles with
energies between 0.7-30 keV (Lin et al., 1995). There are a few times when Wind is
ahead of the Earth and relatively close to ACE. During these periods, a shock would
sometimes sweep over both ACE and Wind. Of the thirteen quasi-parallel shocks that
were used from the ACE dataset, two of these shocks were identified as occurring at
times where Wind and ACE were relatively close together ahead of the Earth. By
somewhat naively combining the PESA-High data from Wind with that derived from
the SWEPAM and EPAM data sets, data coverage between 1 keV and 1 MeV is
obtained. Despite the relatively close proximity of the two spacecraft, the shock is
measured at a different spatial and temporal location and the plasma characteristics
are not identical. It would not be expected for the slope of the observations to
be the same for both spacecraft, nor it is appropriate to directly compare the two.
Nonetheless, the results are suggestive and instructive and meant to show that given
the appropriate data, comparisons of DSA theory and observations are possible at
other locations in the inner heliosphere.
The combined data from SWEPAM, EPAM, and PESA-High for 2000, February 11 is plotted in Figure 4.6. The shock obliquity, θBn , was 27◦ at ACE and 20◦ at
Wind. The time of the shock passage differed by an hour for each spacecraft. Data
obtained ten minutes before and after the shock arrival at the respective spacecraft are
plotted. Two separate power laws are fit to the observations: one to the EPAM data
after the shock arrival at ACE and the other to the five most energetic energy bins
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Figure 4.6: ACE and Wind observations. A combined plot of data from SWEPAM
(·), PESA-High (+), and EPAM (*) for ten minutes before (black) and after (red)
the 2000, February 11 shock. The power law fits and uncertainties are reported in
the plot as γ (EPAM) and ξ (Wind).

for PESA-High after the shock arrival time at Wind. The power law fit to only the
downstream EPAM data is −5.83±0.2. The power law fit to the higher energies measured by PESA-High on Wind yields a downstream exponent of −5.71 ± 0.2, which is
close to within the standard deviation of the accelerated spectral slopes between ACE
and Wind even though they are separated spatially and temporally. Furthermore, the
respective amplitudes of the downstream power law spectra measured by PESA-High
and EPAM appear to be self-similar and scale with one another (essentially a single
unbroken straight line can fit the two power laws). Finally, it is noted how clearly
the PESA-High data emerges from the background solar wind thermal distribution,
just as was seen by Gosling et al. (1981). This suggests that, with caution and the
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understanding of the stipulations discussed above, it is possible to use data from two
separate spacecraft for a simple comparative study.
Figure 4.7 shows the constructed upstream Maxwellian using data from 2000,
February 11 with the corresponding downstream data from Wind and EPAM over
plotted. The injection energy for this case is 1.47 keV. For cases where Wind data is
included (such as this one), the accelerated population is aligned with the EPAM data
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Figure 4.7: 2000, February 11 accelerated distribution. The constructed upstream
Maxwellian distribution derived from the observed plasma distribution ahead of the
shock, and the associated accelerated distribution (dashed line) using Equation 4.1
for 2000, February 11 using an injection energy of 1.47 keV. The corresponding distributions for κ = 10 are shown as dotted lines. Data for immediately after the shock
from the PESA-High instrument on Wind and the EPAM instrument on ACE are
over-plotted.
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because the data used to construct the upstream Maxwellian used in Equation 4.1 is
taken from SWEPAM observations as both instruments are on ACE. The Wind data
follows the same general trend with the accelerated particle spectrum, but does not
align very closely with EPAM. The differences between Wind and ACE observations
may be due in part to spatial and temporal differences in the solar wind at the
locations of ACE and Wind, and of course possible differences in calibration between
instruments on the different spacecraft. Additionally, there was no transformation
made to the Wind data, should that be required, as the binary data was used in
this study. Nevertheless, the close alignment of the EPAM data with the theoretical
accelerated distribution obtained from Equation 4.1 with the solar wind thermal
pool modeled as a Maxwellian indicates that a sufficient number of particles above
1.47 keV can account for the accelerated spectrum, without the need for an additional
or distinct seed particle population.

4.3

Summary of Results

The results for the thirteen quasi-parallel shocks are summarized in Table 4.1
and Table 4.2. Table 4.1 summarizes the input parameters used to construct the
Maxwellian and kappa particle distributions upstream for all shocks. Table 4.2 summarizes the results derived from Equation 4.1, as well as relevant information that
allows comparison of shock properties at the time of the shock passage at both ACE
and Wind, such as shock obliquity, the shock compression ratio (r) calculated for
both ACE and Wind at the time of the shock, the theoretical spectral index (q) calculated using the shock compression ratio observed by ACE. Power law fits to the
74

EPAM observations immediately after the shock arrival, the power law fits to the five
most energetic channels of the Wind observations immediately after the shock, and
the ratio of the spectral index calculated from the shock compression ratio at ACE
to the EPAM power law fit are also given in Table 4.2. The spectral index ratio is
a measure of how well the theoretical prediction compares to the observations. As
discussed with several examples below, the spectral index ratio should be interpreted
cautiously. Only instruments on ACE were used to calculate the ratio as they give
coincident information, both spatially and temporally. Of the thirteen shocks in the
study, two yielded ratios of 1.0, three have ratios 0.9-0.99, three have ratios 0.8-0.89,
two have ratios 0.7-0.79, one has a ratio of 1.36, and the remaining two have ratios
less than 0.7. The error for each is listed in Table 4.2. The ACE and Wind shock
databases should be consulted for error associated with the shock parameters.

Table 4.1: Quasi-parallel input. Summary of input parameters used to calculate
upstream Maxwellian and kappa thermal particle distributions.
Date of shock n1 (cm−3 )
1998
1999
2000
2000
2000
2000
2000
2001
2001
2001
2001
2001
2002

June 13
May 5
Jan 27
Feb 11
Aug 10
Aug 14
Oct 31
Jan 17
Mar 30
Sept 29
Oct 28
Oct 31
July 17

4.72
4.99
43.37
3.55
4.37
8.07
6.63
13.33
14.91
3.18
3.64
2.64
7.68
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T1 (◦ K)

u1 (km/s)

3.10 × 104
3.84 × 104
4.28 × 104
1.12 × 105
8.02 × 104
6.66 × 104
1.09 × 105
4.69 × 104
2.81 × 104
2.65 × 105
3.58 × 104
4.26 × 104
1.10 × 105

133
53
69
103
74
85
138
83
58
113
207
139
130

Table 4.2: Quasi-parallel results. Summary of results for all cases including the
date, shock obliquity for both ACE and Wind, shock compression ratio, theoretical
spectral index, power law fits to ACE and Wind observations, and the ratio of the
theoretically expected spectral index to the power law fit to the EPAM observations.
The asterisk denotes shocks with injection energies below the lower limit of 1 keV.
Date of
shock
1998
1999
2000
2000
2000
2000
2000
2001
2001
2001
2001
2001
2002

June 13
May 5
Jan 27
Feb 11
Aug 10
Aug 14
Oct 31
Jan 17
Mar 30
Sept 29
Oct 28
Oct 31
July 17

θBn
(ACE)

θBn
(Wind)

rACE

rW ind

spectral
index (q)
(ACE)

23◦
38◦
23◦
27◦
18◦
21◦
24◦
28◦
35◦
19◦
30◦
39◦
35◦

20◦
20◦
-

3.0
3.32
2.07
2.52
2.72
2.37
2.32
1.96
1.89
2.25
2.85
2.08
2.62

2.56
3.10
-

-4.5
-4.29
-5.8
-4.97
-4.74
-5.19
-5.27
-6.13
-6.37
-5.4
-4.62
-5.78
-4.85

γ(EP AM )

γ(W ind)

−6.44 ± 0.21
−6.96 ± 0.11
−5.76 ± 0.09
−5.83 ± 0.20 −5.71 ± 0.2
−6.89 ± 0.12
−5.70 ± 0.11
−6.59 ± 0.16
−6.34 ± 0.20
−4.68 ± 0.07
−5.65 ± 0.11
−6.35 ± 0.07
−7.19 ± 0.54 −6.53 ± 0.18
−4.82 ± 0.07
-

Ratio=
q/
γ(EP AM )

Einj
(keV)

0.70 ± 0.21
0.62 ± 0.11
1.0 ± 0.09
0.85 ± 0.20
0.69 ± 0.12
0.91 ± 0.11
0.80 ± 0.16
0.97 ± 0.20
1.36 ± 0.07
0.96 ± 0.11
0.73 ± 0.07
0.80 ± 0.54
1.0 ± 0.07

1.0 (κ = 8)
1.025
1.0 (κ = 10)
1.47
1.15
1.7
1.075
1.025
1.075
2.6
1.0 (κ = 8∗ )
1.0 (κ = 8∗ )
1.3

Figure 4.8 and Figure 4.9 show the results of accelerating the upstream Maxwellian particle distribution constructed using values in Table 4.1 and accelerated
using Equation 4.1. The dashed line is the predicted accelerated distribution with
EPAM (Figure 4.8 and Figure 4.9) and Wind (Figure 4.9) observations overlaid.
The upstream distribution using a κ- distribution with κ = 10 (or 8 in some cases)
is also computed with the predicted accelerated distribution over-plotted as well.
These are shown as dotted lines in Figure 4.8 and Figure 4.9. Points in black/red are
data immediately preceding/following the shock. Additionally, the injection energy
is adjusted for each shock so that the predicted accelerated population lines up with
observations. For four of the cases, the accelerated distribution from the assumed
upstream κ- distribution is better aligned with the EPAM data. However, in many of
the cases the accelerated spectrum from the Maxwellian and κ− distributions align
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Figure 4.8: Summary of results with EPAM data. Shown is a summary figure for the
ACE SWEPAM and EPAM data sets for eleven interplanetary shocks at 1 AU. The
observed upstream SWEPAM data is used to construct the input Maxwellian thermal solar wind distribution for which the injection energy and spectrum of energetic
particles (dashed line) is computed theoretically. Additionally, the κ-distribution for
κ = 8, 10 and corresponding energetic particles (dotted lines) are also computed.
EPAM data is overplotted for ten minutes before (black) and after (red) the shock
arrival time.

very closely with each other for the given injection energy or with slight modifications (i.e., increase) to the injection energy, the observations would align well with
the κ = 8, 10 distributions. This is not surprising, as distributions for large values of
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Figure 4.9: Summary of results with EPAM and Wind data. Shown is a summary
figure for the combined ACE (SWEPAM, EPAM) and Wind (PESA-High) data sets
for two interplanetary shocks upwind of the Earth that are spatially and temporally
close. The observed upstream SWEPAM data is used to construct the input Maxwellian thermal solar wind distribution for which the injection energy and spectrum
of energetic particles (dashed line) is computed theoretically. Additionally, the κdistribution for κ = 8, 10 and corresponding energetic particles (dotted lines) are also
computed. EPAM and Wind data are overplotted for ten minutes before (black) and
after (red) the shock arrival time.

κ resemble Maxwellians. The injection energy is listed in each plot and ranges from
1.0 - 2.6 keV.
In two cases (2001, October 28 and October 31), the injection energy reached
the lower limit of 1 keV before there was agreement between the theoretical accelerated spectrum and observations using an upstream κ-distribution of κ = 8; meaning
in these two instances it is not shown that there is a sufficient number of particles
in the solar wind thermal core to account for the accelerated particles seen at 1 AU.
The injection energy as used here can be considered a lower limit of that needed to
produce the accelerated distribution. The constructed upstream distribution used
represents the thermal core of the solar wind and does not include particles with
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energies representative of those found in the suprathermal tail of the distribution.
Figure 4.10 shows results of adding a power law distribution to the upstream Maxwellian to better represent particles with a distribution of energies found in the solar
wind. The constructed upstream Maxwellian is shown as the solid black line and associated accelerated distribution is the dashed line. Also, in the figure is the combined
distribution seen as the solid blue line and the accelerated distribution associated
with it as the dashed blue line. We see when including this additional population,
that there is in fact enough particles to account for the observations. This additional
power law could represent the higher energy particles or protons from solar flares.
The question of which population is appropriate or whether it is a combination of
both will be addressed in future research. Clearly the accelerated distribution from
the combined upstream Maxwellian and power law is dependent on the amplitude of
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Figure 4.10: Combination upstream distribution for quasi-parallel shocks. Shown as
the solid blue line are the results of adding an upstream power law distribution with
a slope = -5 to the constructed upstream Maxwellian. The associated accelerated
distribution is shown as the blue dashed line.
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the power law and to a lesser extent on the slope of the power law. While a harder
power law distribution will allow for more particles to be accelerated, the overall
accelerated distribution is not modified substantially by the slope.
Only one case, 2001, March 30 shown in Figure 4.8, has a ratio greater than
one, which means that for this shock the predicted spectral index was softer than the
observed spectrum. A softer predicted spectrum could indicate the time dependence
of the diffusive shock acceleration process as the spectra tend to flatten with time.
The predicted accelerated distribution agrees better with the lower energies of the
overlaid EPAM observations than the higher. This evidently harder spectrum at
the higher energies may indicate the presence of a previously accelerated population,
which could be the results of an earlier flare or a previous shock that had propagated
through the system with a harder spectrum than the observed shock. However, no
previous shock was found in the ACE shock database for the prior twenty hours, but
it is possible that other mechanisms for which we have not accounted are involved.
The remaining cases all have ratios either equal to or less than one. Four cases
have ratios of 0.96-1.0 (plus their respective errors) indicating excellent agreement
between the predicted spectrum and observations. All other ratios are less than
one and indicate a harder predicted spectrum than observed. If two examples with
two of the largest standard deviations (1999, May 5 and 2001, October 28 (both in
Figure 4.8)) are considered, it can be seen that the energetic particle spectrum more
closely resembles a double power law, or possibly a power law with a roll-over at
higher energies. In these (and the other cases where the ratio is significantly different
from one) a single power law fit is not a good representation, and it is better to fit the
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spectrum with two power laws, one to the lower energy channels and a second power
law fit to the higher energies (Mewaldt et al., 2005). As derived previously by Zank
et al. (2000) and subsequently in Li et al. (2003); Zank et al. (2007); Verkhoglyadova
et al. (2009, 2010), the double power law or roll-over structure (i.e., steepening at
higher energies) is consistent with time-dependent diffusive shock acceleration at an
evolving interplanetary shock.
A plot analogous to Figure 12 of van Nes et al. (1984) was constructed, i.e., the
spectral index, q, is plotted as a function of the shock compression ratio, r. In view of
the comments above regarding both the double power law character of many spectra
or the possibility that a harder spectrum is due to a previous population of energetic
particles, care should be exercised in determining an observed spectral index. Thus,
for example, the spectral index for only the lower energy part of the accelerated
spectrum for the 2001, October 28 event is computed. The higher-energy section of
the accelerated particle spectrum is steeper, probably as a result of time-dependent
losses (Zank et al., 2000, 2007; Verkhoglyadova et al., 2009). It is therefore incorrect
to describe this part of the spectrum using a steady-state theory. In Figure 4.11, two
sets of plots are provided. The first plot (left panel) deliberately selects a range of
points that correspond to a power law distribution, generally the first few lower energy
points, and a power law is fit to these “hand-picked” terms. As described above,
these points are associated with a steady-state model of diffusive shock acceleration.
Having chosen the points for the power law fit, the power law index q is plotted
as a function of compression ratio r, and additionally the theoretical q is plotted
versus r, derived from steady-state diffusive shock acceleration theory. As can be
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Figure 4.11: Spectral index versus shock compression ratio. The points indicate
the power law fit to the EPAM data versus the shock compression ratio, r, for the
thirteen shocks in the study. The left panel plots the power law fit to the “hand
picked” EPAM data points. The right panel plots the power law fit to the entire
EPAM energy range. The line in both plots indicates the theoretical curve for the
spectral index (q) versus the shock compression ratio (r).

seen, with some exceptions, the correspondence between the steady-state part of the
observed spectrum (i.e., q) as a function of compression ratio is very reasonable. The
marked exceptions correspond in one case (marked with an asterisk in the figure)
to a very hard/flat spectrum that was probably convected into the shock, and the
shock was not sufficiently strong to modify the incoming energetic particle spectrum.
For completeness, the observed q for all shocks is also plotted (right panel) from the
entire range of spectral points i.e., the index over the entire energy range is averaged
to determine the approximate value of q. This is the approach followed by van Nes
et al. (1984), and it is clear that the relation of the observed q versus r compared
to the theoretical steady-state curve is rather poor, especially at larger values of r.
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These two sets of curves demonstrate the danger of interpreting shock spectra based
entirely on the steady-state diffusive shock acceleration theory. This point has been
made repeatedly, starting in Zank et al. (2000) and in subsequent papers Li et al.
(2003); Rice et al. (2003); Zank et al. (2007); Verkhoglyadova et al. (2009) in which
diffusive shock acceleration at propagating, weakening shocks with losses resulted in
energetic particle spectra with non-power law structure.
The estimated theoretical injection energy is based on Equation 2.3 where we
have substituted u21 sec2 θBn for the particle velocity, v. This estimated theoretical
injection energy (E ∼ u21 sec2 θBn ) is compared to the injection energy inferred from
matching the predicted and observed accelerated particle spectra. However this approximation is really only appropriate for quasi-parallel shocks and does not scale with
v 2 in the quasi-perpendicular case. The upstream flow velocity (u1 ) is assumed to be
the shock speed plus a typical back ground solar wind flow speed (usw ∼ 350 km/s).
In the left panel of Figure 4.12, Einj (θ) for the theoretical (black points) and inferred
(red points) values are plotted. There is a close correspondence of the inferred and
theoretical injection energies for quasi-parallel shocks. The right panel shows a scatter
plot of the inferred injection energy versus the theoretical injection energy, along with
the one to one correspondence. The red symbols indicate the points for θBn less than
30◦ . The black symbols are the points with θBn ≥ 30◦ , which for this study ranges up
to 39◦ . All of the quasi-parallel shocks in the study with a theoretical injection energy
greater than the inferred injection energy have a shock obliquity less than 30◦ . While
the cases with the inferred injection energy greater than the theoretical counterpart
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Figure 4.12: Theoretical and inferred injection energy. The left panel is a combined
plot of the inferred injection energy (*) in keV derived from the data fit to the
observed spectra for all shocks in our study versus the angle between the upstream
magnetic field and the shock normal (θBn ). Also plotted is the theoretical estimate of
the injection energy derived from Equation 2.3, i.e., u21 sec2 θBn (*) versus θBn . The
right panel is a scatter plot of the injection energy and the inferred injection energy
(both in keV), with the red symbols those points for θBn < 30◦ . The one-to-one line
is also plotted.

have θBn throughout the range of quasi-parallel shocks. It is noted that the method
for inferring Einj is relatively insensitive up to factors of ∼ 2.

4.4

Discussion

Observations of ESP events at 1 AU for thirteen quasi-parallel shocks were
compared with theoretical predictions of the accelerated spectra using either a Maxwellian or a kappa distribution that departs weakly from the Maxwellian (κ = 8, 10),
constructed from the observed plasma conditions as the upstream seed population.
Data for the ACE SWEPAM and EPAM instruments was used as was data from the
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PESA-High instrument on Wind when applicable. Table 4.2 shows the results for
all shocks, giving specific information for the shock compression ratio at ACE and
Wind, the obliquity of the shock at both spacecraft, as well as the power law fits to
the accelerated spectra of the EPAM and Wind data, and the ratio of the theoretically computed spectral index to the power law fit for the EPAM data which gives
mathematical representation to how well theory and data correlate for each event.
The spectral ratios range from 0.62 to 1.36 for all events in the sample. However,
six of the thirteen events have spectral ratios that range from 0.85 to 1.0. Shocks
that exhibit ratios less than 0.85 indicate a steeper observed spectrum and may be
representative of time dependent diffusive shock acceleration. Shocks that exhibit ratios greater than one may have additional seed populations and as such could explain
the poorer correlation between the theoretical spectral index and that of observations
since the spectral index is based solely on the accelerated population for an upstream
Maxwellian or weak kappa distribution only. It is possible to explain the cases with
ratios closer to one by diffusively accelerating only the thermal core population of the
solar wind. These examples will be explained further and compared with results from
the quasi-perpendicular shocks in the Conclusion chapter, Chapter 7.
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CHAPTER 5

PARTICLE ACCELERATION AT A SINGLE
QUASI-PERPENDICULAR SHOCK

5.1

Overview

Particle acceleration at quasi-perpendicular shocks is much more complicated
than diffusive shock acceleration (DSA) at quasi-parallel shocks. First, particles can
generally be thought of as tied to a magnetic field line. Due to the geometry of a
quasi-perpendicular shock (refer to Figure 1.1 in Chapter 1) the crossing of field lines
by particles is difficult, making repeated crossing of the shock difficult, unlike at a
quasi-parallel shock, and thus DSA is more difficult at quasi-perpendicular shocks.
However, stochastic field line meandering can ensure that if a particle is already of
sufficient energy, it can experience multiple crossings (Zank et al., 2006).
Second, perpendicular shocks are not capable of exciting the upstream (Alfvén)
wave field. Protons are responsible for the excitation of the upstream turbulence. The
wave intensity, I(k), is proportional to cos θBn (Lee, 1983; Gordon et al., 1999). As
the shock obliquity tends toward 90◦ , the wave intensity goes to zero. It is this in situ
upstream turbulence that is responsible for the scattering of upstream particles back
into the shock. At a quasi-perpendicular shock, we would therefore anticipate little
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or no wave activity upstream of the shock, followed by enhancement of the wave field
downstream of the shock. This model of wave activity related to particle acceleration
at quasi-perpendicular shocks is supported observationally, as shown by Zank et al.
(2006), with their comparison of EPAM observations for quasi-parallel and quasiperpendicular shocks. The dependence of the upstream wave field on cos θBn will be
discussed further in Section 5.3 when discussing the power spectral density analysis
for the quasi-perpendicular shocks.
The injection mechanism for quasi-perpendicular shocks, however, is additionally more complicated requiring the inclusion of the perpendicular diffusion coefficient
(Zank et al., 2006) and possibly the shock dissipation mechanism. The non-linear
guiding center (NLGC) theory (Matthaeus et al., 2003) describes the random walk
of magnetic field lines in terms of a perpendicular diffusion coefficient, which allows
the diffusive acceleration of the particle at a quasi-perpendicular shock front to be
described more appropriately (Zank et al., 2006). Theoretical models and numerical
simulations for the perpendicular diffusion coefficient do not seem to explain observations using quasi-linear theory alone (Mazur et al., 2000; Fisk et al., 1997; Giacalone
and Jokipii, 1999; Mace et al., 2000). Matthaeus et al. (2003) introduced a theoretical model that has become the basis for the non-linear guiding center theory, further
developed by Zank et al. (2004); Shalchi and Weinhorst (2009); Dosch et al. (2013).
The NLGC theory for the perpendicular diffusion coefficient, κ⊥ , is expressed by the
integral equation
a2 v 2
κ⊥ =
3Bo2

Z
0

∞

S(k)d3 k
,
2
v/λ|| + k⊥
κ⊥ + k||2 κ||
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(5.1)

where ⊥ and || denote the perpendicular and parallel components of the diffusion
tensor (κ), the wavenumber (k), and S is the spectral amplitude of the turbulent
fluctuations. Additionally, a2 is taken to be ∼ 1/3 and is related to the gyrocenter
velocity, v is particle velocity, λk is the parallel component of the particle mean free
path, and Bo is the mean magnetic field strength. The diffusion coefficient for oblique
shocks in the shock normal direction is represented by the combination of both the
parallel and perpendicular contributions,

κ = κ|| cos2 θ + κ⊥ sin2 θ.

(5.2)

It is clear that κ⊥ , and hence the NLGC theory, dominates for highly perpendicular
shocks.
The dissipation mechanism for quasi-perpendicular shocks is no longer particle
scattering, as in the quasi-parallel shock case; instead specularly reflected ions are
the primary dissipation mechanism. Only some particles that are reflected at a quasiperpendicular shock (θ > 45◦ ) return to the shock front because their guiding center
motions are directed downstream. It is this dissipation mechanism that is responsible
for the magnetic foot in supercritical shocks. In quasi-parallel shocks by contrast,
the specularly reflected ions can escape the shock and propagate upstream, thereby
not contributing directly to the downstream dissipation (Gosling and Robson, 1985;
Goodrich, 1985). As a result, the upstream particle distribution changes at a quasiperpendicular shock with the creation of a suprathermal population. This implies
that an appropriate upstream distribution from which to inject is unlikely to be a
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simple Maxwellian as in the quasi-parallel case (Neergaard Parker and Zank, 2012)
and may more likely be represented by a κ-distribution.

5.2

Methodology

A set of quasi-perpendicular forward shocks from the Advanced Composition
Explorer (ACE) was identified in the shock database within the time period 1998-2003.
This time period is during the ascending and descending phases of solar maximum
for Solar Cycle 23, which had a double maximum in 2000 and 2002. As with the
quasi-parallel shocks, shocks where there was an additional shock within the previous
twenty hours were excluded, as indicated in the ACE shock database. This criterion
in principle ensures the acceleration of only the ambient upstream particle distribution and eliminates a pre-existing seed particle population. The quasi-perpendicular
shocks chosen for this study are not an exhaustive list during this time period, but a
representative subset. Of the quasi-perpendicular shocks observed over the period of
interest, twenty-four were selected for the study.
To compare theory to observations, the theoretical upstream distribution is
again constructed by averaging the five data points from the 64 second averaged
data from the Solar Wind Electron, Proton, Alpha Monitor (SWEPAM) instrument
on ACE immediately preceding the shock encounter. These values are shown in
Table 5.1. The upstream distributions are then accelerated using the observed shock
parameters applied to Equation 2.9. Unlike in Neergaard Parker and Zank (2012),
which used a Maxwellian or weak departure from Maxwellian (a kappa or Lorentzian
distribution with κ = 10), a range of possible upstream particle distributions from
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Maxwellian to distributions that depart strongly from a Maxwellian (κ = 2, 3, 4) was
explored. For each of the upstream distributions, the assumed injection energy is
varied until the accelerated distribution, Equation 2.9, most closely aligns with the
observations, with the caveat that the injection energy was required to be within the
range 1 keV ≤ Einj ≤ 10 keV.

Table 5.1: Quasi-perpendicuar input. Summary of input parameters used to calculate upstream Maxwellian and kappa thermal particle distributions.
Date of shock n1 (cm−3 )
1998
1998
1998
1998
1998
1999
1999
1999
1999
1999
1999
2000
2000
2000
2000
2000
2000
2000
2000
2001
2001
2001
2002
2003

Aug 6
Nov 8
Dec 1
Dec 11
Dec 26
Feb 17
Mar 10
July 8
Sept 26
Oct 21
Oct 28
Feb 11
June 3
July 11
July 19
July 26
Sept 6
Nov 4
Nov 26
Mar 3
Apr 18
Apr 28
May 23
May 9

12.62
5.39
11.24
9.21
6.15
8.17
11.32
2.19
18.94
13.45
6.03
5.78
11.69
17.34
3.67
12.40
10.53
14.43
8.73
4.53
6.50
4.26
14.87
1.93
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T1 (◦ K)

u1 (km/s)

1.17 × 104
3.24 × 104
3.16 × 104
7.01 × 104
1.01 × 105
2.99 × 104
6.79 × 104
3.69 × 104
1.86 × 104
3.57 × 104
5.21 × 104
6.01 × 104
4.93 × 104
1.92 × 104
3.76 × 104
4.70 × 104
4.94 × 104
4.91 × 104
2.06 × 105
5.69 × 104
3.65 × 104
6.67 × 104
7.66 × 104
2.17 × 105

85
210
68
61
72
132
127
57
65
83
64
224
35
58
150
44
131
70
157
100
117
492
466
92

While the upper and lower limits of the injection energy are somewhat arbitrarily taken, there are physical reasons for both values. In order for DSA to occur,
the injection energy must be at least a few times the upstream thermal energy so that
the particle will have enough energy to make an initial crossing of the shock boundary.
Setting a lower limit of 1 keV for the injection energy ensures that this requirement
is met. The maximum cutoff of ∼ 10 keV can be understood from Figure 5.1, which
shows the injection energy as a function of shock obliquity. The derivation of the injection model used in Figure 5.1 assumes that the anisotropy (Equation 2.5) remains

100
__ κ2D / κslab = 1.0
. . . κ2D / κslab = 0.5

Einj (keV)

---- κ2D / κslab = 0.1

10

<b>2/Bo2=0.78

1
0

50

100
ΘBn (deg)

150

Figure 5.1: Injection energy. Plot of the injection energy as a function of the shock
obliquity under the assumption that ξ = 1 defines the threshold energy for injecting
particles into the diffusive shock acceleration mechanism. Three possible ratios of
λ2D /λslab are considered. Parameters appropriate for an interplanetary shock located
at 1 AU have been used. Plot adapted from Zank et al. (2006).
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small (Giacalone and Jokipii, 1999; Zank et al., 2004, 2006; Giacalone, 2005) and
in this, the perpendicular component of the diffusion coefficient is described by the
original NLGC model (Matthaeus et al., 2003; Zank et al., 2004). More recent refinements (e.g., Shalchi and Weinhorst (2009); Dosch et al. (2013) and references therein)
are not addressed and it is assumed that the diffusion coefficient in Equation 5.1 adequately models the system. Implicit in the equation for κ⊥ is the two component
slab-2D model of the solar wind turbulence,

S(k) = S⊥2D (k⊥ )δ(kk ) + S⊥slab (kk )δ(k⊥ ),

(5.3)

where the superscripts 2D and slab represent the 2D and slab components of the
turbulence, δ is the variance of the turbulent magnetic fluctionation, and the parallel
variance is ignored because they are generally smaller than the perpendicular component (Zank et al., 2004, 2006). The correlation lengths that characterize the underlying low-frequency magnetic (magnetohydrodynamic) turbulence and enter into the
description of the diffusion coefficient are S⊥2D ∼ λ2D and S⊥slab ∼ λslab . Slab turbulence refers to essentially Alfvénic-like fluctuations and has a slab correlation length,
λslab . The corresponding 2D correlation length, λ2D , is for 2D fluctuations perpendicular to the mean magnetic field. Solar wind turbulence is essentially a superposition of
slab and 2D turbulence (Zank and Matthaeus, 1992; Bieber et al., 1996). In plotting
Figure 5.1, parameters appropriate to 1 AU are assumed and three possible choices
of the ratio λ2D /λslab are considered. From Figure 5.1, for the quasi-perpendicular
shocks in the obliquity range used in this chapter, the injection threshold is ∼6 keV
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and 10 keV for λ2D /λslab ∼ 1 and 0.5, respectively. Using ∼ 10 keV therefore ensures
a reasonable upper limit to the injection energy.
After computing the downstream DSA spectrum assuming a background upstream distribution, the theoretical spectrum is compared to that observed using five
minute averaged data from the Low-Energy Magnetic Spectrometer 30 (LEMS30) instrument in the Electron, Proton, and Alpha Monitor (EPAM) instrument package on
ACE. A least squares fit is performed to the data for the ten minutes immediately following the shock encounter. This observed spectral index is compared directly to the
spectral index, q, calculated from the shock compression ratio, r where q = 3r/(r −1),
for each shock, thereby giving an estimate of how well theory matches observations.
This is discussed more fully in Section 5.3 and Chapter 7.
After computing the upstream background particle population and plotting
the energetic particle observations, the choice of injection energies is iterated until
the theoretical accelerated distribution overlays the observations derived from the
shock encounter. The iterative procedure is done manually and is somewhat subjective. The error for this process is estimated to be ∼10% with a smaller error for
the lower injection energies. Figure 5.2 illustrates this procedure for a 1999, September 26 event. The solid line is an assumed upstream Maxwellian distribution and
the dotted line an assumed upstream κ- distribution with κ = 4. The accelerated
distribution (dashed line) is the result of accelerating the upstream κ-distribution
using an injection energy of 1.15 keV. The SWEPAM plasma moments are calculated
from the assumed Maxwellian distribution function ((Feldman et al., 1975), R. Skoug
(personal communication) 2013) taking the appropriate moments for density, velocity,
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Figure 5.2: 1999, September 26 accelerated distribution. Plot of the upstream
Maxwellian and associated accelerated distribution (dashed line). The corresponding
distributions for κ = 4 are shown as dotted lines. The (*) points are the EPAM
observations immediately following the shock for 1999, September 26.

etc. For the upstream κ-distribution, we use an effective temperature appropriate for
the κ-distribution, Tef f = P/np kb where P is the isotropic plasma pressure, np is the
proton density, and kB is Boltzmann’s constant (Heerikhuisen et al., 2008). Both the
Maxwellian and κ- distributions are multiplied by α = 0.005 to yield a theoretical
upstream distribution better representative of the environment.
The set of twenty-four quasi-perpendicular shocks is compared to the Wind
shock database to see if the Wind spacecraft observed the same shock event as ACE,
with the added criteria that the shock seen by Wind must also be quasi-perpendicular
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and be outside the Earth’s bow shock in interplanetary space. Of these shocks,
Wind detected seven that met all the criteria. The data from the Ion Electrostatic
Analyzer (PESA)-High instrument on Wind for these shocks was downloaded and
particle distributions were derived from the count rates. Figure 5.3 is an example of
the assumed upstream distributions for 2000, July 26 with the EPAM and PESA-High
observations over plotted. The EPAM observations are in the higher energy range of
50 keV to 5 MeV and the Wind observations range from 0.5-30. keV. The dashed line
is the accelerated distribution using Equation 2.9 and accelerated from an assumed
10-15
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Figure 5.3: 2000, July 26 accelerated distribution. Plot of the upstream Maxwellian
and associated accelerated distribution (dashed line). The corresponding distributions
for κ = 4 are shown as dotted lines. The (*) points are the PESA-High and EPAM
observations immediately following the shock for 2000, July 26.
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upstream κ-distribution with a value of κ = 4. The injection energy for this example
was found to be 1.02 keV.

5.3

Summary of Results

Table 5.2 lists the dates, shock obliquities, shock compression ratios, spectral
indices, power law fits, and spectral ratios for all the shocks in this study, where the
spectral ratio is defined as the theoretical spectral index divided by the power law fit
to the energetic observations. The shocks with spectral ratios between 0.9 and 1.1
plus their uncertainties are highlighted in the table and shown in Figure 5.4. These
shocks are classified as “excellent” fits of theory to observations in this study. There
are seven shocks that meet this classification, with three of those shocks also having
been observed by Wind and meeting the additional Wind criteria. The upstream
Maxwellian (solid line) and κ− (dotted line) distributions are shown with the accelerated distribution overlaid as a dashed line. For all these dates the best fit for the
accelerated distribution was given by a κ = 4 upstream distribution. The EPAM and
PESA-High (where applicable) observations for ten minutes immediately preceding
(black points) and immediately following (red points) the shock are over-plotted. The
injection energy and spectral index are shown on the plots for each shock. Interestingly for all three shocks that the Wind spacecraft also observed (1998 August 6,
2000 February 11, and 2000 July 26), the power law fit to the Wind data was harder
than the fits associated with the EPAM data. This double power law and/or rollover effect evident for these days suggests a possible time dependence of the particle
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acceleration (e.g. Axford (1981)) and indicates the need to be cautious in interpreting
shock spectra using only steady-state DSA theory.

Table 5.2: Quasi-perpendicular results. Summary of results for all cases including
the date, shock obliquity for both ACE and Wind, theoretical spectral index q, power
law fits to ACE and Wind observations, and the ratio of the theoretically expected
spectral index to the power law fit to the EPAM observations. The asterisk denotes
shocks with injection energies below the lower limit of 1 keV.
Date of
shock
1998
1998
1998
1998
1998
1999
1999
1999
1999
1999
1999
2000
2000
2000
2000
2000
2000
2000
2000
2001
2001
2001
2002
2003

θBn
(ACE)

Aug 6
Nov 8
Dec 1
Dec 11
Dec 26
Feb 17
Mar 10
July 8
Sept 26
Oct 21
Oct 28
Feb 11
June 3
July 11
July 19
July 26
Sept 6
Nov 4
Nov 26
Mar 3
Apr 18
Apr 28
May 23
May 9

◦

82
77◦
77◦
83◦
82◦
80◦
78◦
78◦
80◦
77◦
83◦
88◦
78◦
84◦
81◦
84◦
85◦
84◦
83◦
82◦
81◦
88◦
84◦
82◦

θBn
(Wind)
◦

80

75◦
85◦
75◦

70◦
84◦

84◦

70◦

rACE

1.8
1.9
1.7
1.3
1.4
1.5
1.5
3.5
1.8
2.5
1.7
2.8
1.9
2.3
2.9
1.8
2.3
2.9
3.8
1.9
3.0
3.7
1.7
2.2

rW ind

1.92

1.55
1.62
1.81

2.34
3.27

1.78

spectral
index
(ACE)

EPAM
power law

-6.75
-6.3
-7.3
-13
-10.5
-9.0
-9.0
-4.2
-6.75
-5.0
-7.3
-4.67
-6.3
-5.3
-4.6
-6.75
-5.3
-4.6
-4.1
-6.3
-4.54
-4.1
-7.3
-5.5

−6.28 ± 0.18
−6.0 ± 0.11
−6.29 ± 0.12
−7.59 ± 0.14
−6.18 ± 0.16
−4.6 ± 0.21
−5.79 ± 0.07
−6.67 ± 0.04
−6.69 ± 0.09
−8.43 ± 0.16
−6.89 ± 0.04
−4.75 ± 0.12
−6.48 ± 0.12
−7.99 ± 0.26
−6.13 ± 0.10
−6.82 ± 0.08
−7.27 ± 0.15
−5.63 ± 0.10
−6.04 ± 0.06
−8.27 ± 0.18
−6.72 ± 0.10
−2.34 ± 0.3
−3.71 ± 0.18
−9.51 ± 0.53

Wind
power law

Spectral
Ratio

Einj
keV

−4.16 ± 0.20 1.07 ± 0.18 1.0 (κ = 2∗ )
1.05 ± 0.11
1.4
1.16 ± 0.12 1.45 (κ = 2)
1.71 ± 0.14 1.0 (κ = 2∗ )
−6.21 ± 0.11 1.70 ± 0.16
1.0
−4.81 ± 0.11 1.96 ± 0.21
1.2
−4.32 ± 0.40 1.55 ± 0.07
1.1
0.63 ± 0.04
2.0
1.01 ± 0.09
1.15
−7.0 ± 0.49 0.60 ± 0.16
1.5
1.06 ± 0.04
1.2
−4.63 ± 0.05 0.98 ± 0.12
1.5
0.97 ± 0.12
1.8
0.66 ± 0.26
1.4
0.75 ± 0.10
1.675
−6.37 ± 0.12 0.99 ± 0.08
1.025
0.73 ± 0.15
1.3
0.82 ± 0.10
1.2
0.68 ± 0.06
2.5
0.76 ± 0.18
2.1
0.70 ± 0.10
1.2
1.75 ± 0.3
1.9
1.97 ± 0.18
1.0
0.58 ± 0.53 5.3 (κ = 10)

In general, the resulting accelerated distributions acquired from the κ = 4
upstream particle distributions yield the best fit to the energetic observations with
four exceptions. For the shocks highlighted in Table 5.2, the injection energy was
between 1.0 and 1.8 keV. The shocks in this group are relatively weak with shock
compression ratios between 1.7 and 2.8. The upstream Maxwellian distribution for
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Figure 5.4: Summary of results for spectral ratios ∼1. Plotted on each are the upstream Maxwellian (solid line) and κ− (dotted line) distributions with the accelerated
distribution overlaid. The best-fit downstream accelerated distribution and spectral
index are shown in the figure labels. The EPAM and PESA-High (where applicable)
observations for ten minutes immediately preceding (black points) and immediately
following (red points) the shock are over-plotted. The injection energy is denoted by
the vertical line.

these cases yield lower injection energies, and in one case an injection energy that
exceeded our lower limit cutoff.
For each of these shocks, the magnetic field fluctuations at three different
distances upstream of the shock encounter with ACE (12, 6, and 1 hour prior to
the shock encounter) was investigated and the power spectral density (PSD) plotted.
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Figure 5.5 shows the parameters (intensity, angle, and rms) of the magnetic field for
the shock on 2000, July 26. The arrival of the shock is indicated by the vertical black
line and is clearly visible in the magnetic field intensity (top panel). The jump in
magnetic field intensity with a sustained increase is typical for a quasi-perpendicular
shock. The PSD plots were calculated for various times upstream of the shock, as

B (nT)

described below.
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5
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Figure 5.5: Shock characteristics. From top to bottom, we plot the magnetic field,
directional angles of the magnetic field vector (panels 2 and 3), and the root mean
square (RMS) values of the magnetic field vector for the shock on 2000, July 26. The
location of the shock front is indicated in all panels by the vertical black line. Plot
curtesy of Q. Hu/UAHuntsville.
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The approach for calculating the PSD follows that of Bieber et al. (1996);
Zank et al. (2006); Hu et al. (2012). Figure 5.6 shows the PSD plots kindly provided
by Dr. Q. Hu / UAH for all seven shocks in our best-fit category. The various lines
in each plot represent the PSD 12 hours (red), 6 hours (green), and 1 hour (blue)
immediately preceding the shock encounter with the spacecraft. Except for the shock
on 1998, August 6, the plots show no significant magnetic enhancement in the PSD
profiles upstream of the shock as expected for quasi-perpendicular shocks (Zank et al.,
2006). The PSD for 1998, August 6 exhibits a magnetic enhancement of ∼ 1 order
of magnitude for the six and twelve hour PSD profiles over the frequency range
10−4 − 10−2 Hz. There is no magnetic enhancement immediately preceding the shock
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Figure 5.6: Power spectral density. PSD plots for shocks in the spectral index ∼ 1
category. From top left to the right then down: 1998 August 6, 1998 November 8,
1999 September 26, 1999 October 28, 2000 February 11, 2000 June 3, and 2000 July
26. The various lines indicate the PSD for one hour (blue), six hours (green), and
twelve hours (red) preceding the shock arrival. Plot curtesy of Q. Hu/UAHuntsville.
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and the plot as a whole is still representative of quasi-perpendicular shocks. The PSD
plots for the remaining shocks exhibit similar characteristics, with two exceptions.
The shock on 1998, December 26 exhibited significant magnetic enhancement twelve
hours prior to the shock arrival over the entire frequency range. However, the six
and one hour PSD lines are of similar magnitude indicating little wave excitation
immediately ahead of the shock. The shock on 1998, December 11 had increased
(∼ 1/2 order of magnitude) levels of magnetic activity an hour prior to the shock
arrival for the lower frequencies. But again, when viewed in the context of the overall
frequency range with the six and twelve hour PSD profiles, the magnetic enhancement
of the system is still indicative of a quasi-perpendicular shock.
When all shocks in the study are considered, including those with ratios either
greater than 1.1 or less than 0.9, the range of injection energies lies between 1.0 keV
and 5.3 keV. Of the twenty-four shocks, the κ = 4 upstream distribution yielded the
best fit for the injection energies in all but four cases. December 1, 1998 had a best
fit injection energy of 1.45 keV using the κ = 2 upstream distribution and a spectral
ratio of 1.16. For the 2003, May 9 event, a κ-distribution with κ = 10 yielded the
best fit injection energy with 5.3 keV and a spectral ratio ∼ 0.6. Both shocks had
ratios with the large deviations from one. The shock compression ratios for the subset
with ratios greater than 1.1 are between 1.3 and 1.7 with one outlier of 3.7 on 2001,
April 28. The shock compression ratios for the subset with ratios less than 0.9 were
considerably stronger than all the other shocks in the study and are between 1.9 and
3.8. The remaining cases are summarized in Figure 5.7 (spectral ratios > 1.1) and
Figure 5.8 (spectral ratios < 0.9).
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Figure 5.7: Summary of results for spectral ratios >1. Plotted on each are the upstream Maxwellian (solid line) and κ− (dotted line) distributions with the accelerated
distribution overlaid. The best-fit downstream accelerated distribution and spectral
index are shown in the figure labels. The EPAM and PESA-High (where applicable)
observations for ten minutes immediately preceding (black points) and immediately
following (red points) the shock are over-plotted. The injection energy is denoted by
the vertical line.

In two cases (1998, August 6 and 1998, December 11), the injection energy
reached the lower limit of 1 keV before there was agreement between the theoretical
accelerated spectrum and observations using an upstream κ-distribution of κ = 2;
meaning it is not shown that there is a sufficient number of particles in the solar
wind thermal core to account for the accelerated particles seen at 1 AU. As with the
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Figure 5.8: Summary of results for spectral ratios <1. Plotted on each are the upstream Maxwellian (solid line) and κ− (dotted line) distributions with the accelerated
distribution overlaid. The best-fit downstream accelerated distribution and spectral
index are shown in the figure labels. The EPAM and PESA-High (where applicable)
observations for ten minutes immediately preceding (black points) and immediately
following (red points) the shock are over-plotted. The injection energy is denoted by
the vertical line.

quasi-parallel cases shown in Chapter 4, we add a power law with a slope of -5 to the
constructed upstream distribution to better represent particles with a distribution of
energies more appropriate for the solar wind, but here we use a κ-distribution with
κ = 4. Results are shown in Figure 5.9. The constructed upstream κ-distribution
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Figure 5.9: Combination upstream distribution for quasi-perpendicular shocks.
Shown as the solid blue line are the results of adding an upstream power law distribution with a slope = -5 to the constructed upstream κ-distribution for κ = 4.
The associated accelerated distribution is shown as the blue dashed line.

is shown as the solid black line and associated accelerated distribution is the dashed
line. Also, in the figure is the combined distribution seen as the solid blue line and
the accelerated distribution associated with it as the dashed blue line. Both cases
show agreement with observations using the combined upstream distribution and an
injection energy of 1 keV.
Figure 5.10 shows the spectral ratio versus injection energies for all quasiparallel and quasi-perpendicular shocks in the study, with the quasi-parallel shocks
plotted in red. Most quasi-parallel shocks have an injection energy between 1-2 keV
with one having an injection energy of 2.6 keV, which is expected as the quasi-parallel
shocks are more efficient at accelerating particles and generally have a lower injection
energy. The shocks with spectral ratio greater than one have a harder spectrum seen
from observations, probably due to pre-existing energetic particle population, not
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Figure 5.10: Spectral ratio versus injection energy. Shown are the spectral ratio
versus injection energy for all quasi-parallel (red) and quasi-perpendicular (black)
shocks in the study.

predicted by theory. All but one of the quasi parallel shocks have spectral ratios less
than one, indicating either an excellent fit to steady-state diffusive shock acceleration
theory or fits representative of a harder observed spectrum than predicted by theory.
There is more variability in the quasi-perpendicular cases, as the extremes in both
spectral ratio and injection energy are found in this category.
In general the assumed upstream particle distribution is best represented by
a κ−distribution, with κ = 4, since this yields the best fit to the energetic particle
observations for quasi-perpendicular shocks. The magnetic field fluctuations were
representative of quasi-perpendicular shocks and showed no particular bias to the
spectral ratio subcategories. The subcategory with spectral ratio < 0.9 yielded the
largest injection energies for all groups. The results for the quasi-perpendicular shocks
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are compared to those for the quasi-parallel case and discussed in the Conclusion
chapter, Chapter 7.
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CHAPTER 6

PARTICLE ACCELERATION AT MULTIPLE SHOCKS OF VARYING
OBLIQUITY

6.1

Overview

In this chapter, diffusive shock acceleration (DSA) is used as the acceleration
mechanism for particles experiencing energization via multiple interplanetary shocks.
Both quasi-parallel and quasi-perpendicular shocks are considered, taking into account the acceleration efficiency by coupling the parallel and perpendicular diffusion
coefficients into the derivation for the maximum momentum to which a particle can
be accelerated. The basic approach is related to box models (Protheroe and Stanev,
1999; Moraal and Axford, 1983; Ball and Kirk, 1992; Drury et al., 1999) in which
a distribution of particles is accelerated diffusively inside the box while simultaneously experiencing decompression through adiabatic expansion, and losses from the
convection and diffusion of particles out of the box (Melrose and Pope, 1993; Zank
et al., 2000). The characteristic scales associated with the loss mechanisms are discussed in more detail below. A characteristic scale size for the box is assumed within
which other parameters critical to DSA are estimated as well, such as the injection
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energy (Einj ), the maximum energy to which a particle can be accelerated (Emax ),
the magnetic field at the shock, etc.
To better understand energetic particle distributions during solar maximum,
three coronal mass ejection (CME) databases were studied to better clarify the frequency of occurrence of CMEs during solar maximum and solar minimum. The
databases used are the Coordinated Data Analysis Workshop (CDAW) database
maintained at GSFC, the Solar Eruptive Event Detection System (SEEDS) database
at George Mason University, and the Computer Aided CME Tracking (CACTus)
database funded at least in part by the European Space Agency (ESA). These databases
are fully discussed in Chapter 3 and briefly outlined here.
The CDAW database uses a manual detection method for identifying CMEs
using the C2 and C3 images from the Large Angle and Spectrometric Coronagraph
(LASCO) instrument on the Solar and Heliospheric Observatory (SOHO) satellite
(Gopalswamy et al., 2009). The SEEDs (Olmedo et al., 2008) and CACTus (Robbrecht and Berghmans, 2004) databases both use an automated process to detect the
onset of a CME using LASCO images as well. All three databases have very similar
parameters, such as onset time, position angle, velocity, acceleration, and angular
width of the CME. One item of note is that the automated processes seem to detect
more small CMEs or autonomous transient events than the manual method used with
the CDAW database.
Data for the years surrounding solar maximum (∼ 2000) and solar minimum
(∼ 2009) was downloaded from all three sites. The smaller and possible anomalous
transient events were excluded, and this study considers only the larger CMEs which
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could possibly produce shocks sufficiently energetic to accelerate particles. For each
of the databases and time period, a statistical survey was performed focusing on the
velocity of the shocks and the number of shocks in the interval. Although, the parameters from the CDAW database were chosen for our study, any of the databases would
have provided adequate information for our solar maximum model of Section 6.3.4.
The analysis for the CME databases as detailed in Chapter 3 shows on average
the frequency of shocks during solar maximum can range from 10-25 CMEs in a three
day period, which is much larger than the corresponding 0-14 CMEs per three days
for solar minimum. If one assumes a typical solar wind plasma flow velocity, u, of
400 km/s, then the convective timescale, i.e. the time it takes a particle to advect to
1 AU is ∼ 4.3 days. If the same flow velocity is assumed and a diffusion coefficient,
κ, equal to 6.65 × 1016 m2 /s, then τdif ∼ κ/u2 ∼ 4.8 days, where τdif is the diffusion
timescale for a particle of energy 21 mv 2 ≈

1
mu2
2

∼ 1 keV. Making the reasonable

assumption that the shock speed is larger than the plasma flow speed given above,
a typical shock takes two to three days to propagate to 1 AU. Most of the energized
particles remain downstream of the shock within that distance. Therefore, within
a day or two of the shock passage most of the accelerated particles will have left a
system of size L = 1 AU almost completely. Therefore, many times during solar
minimum, the first shock will have propagated out of the system before the second
shock was either initiated or overtook the first shock indicating that under most
circumstances, solar minimum can be regarded as a single or few shock system and
diffusive shock acceleration can be treated as approximately Markovian with respect
to other shocks. However, the frequency of CMEs during solar maximum indicates
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strongly that multiple shocks will be traveling through the system before the previous
shock has convected out. Solar maximum has to, therefore, be modeled as a multiple
shock system. Diffusive shock acceleration will be a non-Markovian process and the
possibility that particles are accelerated at multiple shocks must be considered.
In considering the frequency of shocks at solar maximum and the consequent
non-Markovian acceleration of particles at these shocks, this chapter develops a model
to accelerate particles at multiple shocks similar to that of Melrose and Pope (1993).
The model is related to the box model described in Drury et al. (1999) and references
therein. Particles inside the box are accelerated, but the model includes an escape
mechanism to describe particle loss from the box as well as possible decompression.
Included are results for two approaches to particle decompression. The first can be
referred to as an adiabatic method of decompression which is based on Melrose and
Pope (1993). The second approach essentially uses an operator split to solve the
transport equation term by term. This yields a solution that includes the effects of
convection, diffusion, as well as adiabatic decompression on the particle distribution
function.
As shown previously in Chapter 1 and Chapter 2, the steady-state accelerated
particle distribution function, facc (p), for an injected particle distribution function,
f (p), can be derived from the cosmic ray transport equation with appropriate boundary conditions, as

3u1 −q
p
facc (p) =
u1 − u2

Z

pmax

pinj
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p0

(q−1)

f (p0 )dp0 ,

(6.1)

where u1(2) is the upstream (downstream) flow velocity, p is the particle momentum,
and the spectral index q = 3r/(r − 1), where r = u1 /u2 is the shock compression
ratio. pinj is the minimum particle momentum (more generally referred to in terms of
energy, Einj ) below which one would not expect a particle to be accelerated diffusively
and is generally taken to be 1 keV here unless otherwise specified. The maximum
particle momentum (energy) to which a particle may be accelerated, pmax , depends
on individual shock characteristics, background magnetic field, and the amplitude
of the turbulence. The injected particle distribution can have two components, the
background upstream injection distribution ϕ(p), sometimes modeled as a Maxwellian
or kappa distribution (Neergaard Parker and Zank, 2012), or a mono-energetic delta
function injected at the shock itself (Melrose and Pope, 1993; Reames, 2012) as a
possible seed population, ψ(p) ∝ δ(p). Therefore, the total injected distribution then
is f (p) = ϕ(p) + ψ(p).
With Equation 6.1 in mind and following the model introduced by Melrose
and Pope (1993) and used in part by Reames (2012); White (1985), the algorithm to
accelerate particles at multiple shocks can be summarized in three steps:
1. Accelerate the injection distribution at an interplanetary or CME driven shock.
Initially, ψ(p) = 0 is chosen and only the background upstream distribution is
accelerated.
2. Decompress the accelerated distribution using one of the decompression methods mentioned above and expanded upon in Section 6.2.1 and Section 6.2.2
below.
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3. Re-accelerate the newly decompressed distribution at a subsequent shock wave.
In Section 6.3.1, ψ(p) = 0 is kept for step three and the results are compared to
those of Melrose and Pope (1993). In Section 6.3.2 and Section 6.3.3, the previously
accelerated distribution is included as the seed distribution and it is accelerated with
a new upstream background distribution for each iteration. In other words, it is also
assumed that injection from the thermal background also occurs. For Section 6.3.1 Section 6.3.3, attention is focused for particles accelerated at five shocks (n = 5), but
the model can be adjusted to accommodate any number of shocks.
Shocks are able to accelerate particles up to a maximum momentum, pmax ,
found by equating the dynamical timescale of the shock to the particle acceleration
timescale. The particle acceleration timescale is a function of shock obliquity via the
diffusion term and hence pmax depends on shock obliquity, θBn . For a quasi-parallel
shock (θBn ≤ 45◦ ), it is assumed that scattering upstream of the shock is due to Alfvén
waves excited by streaming energetic particles. For the sake of simplicity, the Bohm
form of the diffusion coefficient is also assumed. This last assumption is predicated on
the simplification that the wave energy density will not vary appreciably for varying
shock compression ratio and so the use of the Bohm coefficient is appropriate (Zank
et al., 2000). Hence, for quasi-parallel shocks


pmax ≈ po 

where κo =

4 po c
,
3π eBo

u21

RB
+
qκo Ṙ Bo

s

mp c
po

2


+

pinj
po

2

2
 −



mp c
po

2

1/2


,

(6.2)

po is the background momentum, c is the speed of light, e is

the charge of the proton, Bo is the reference magnetic field, B is the magnetic field
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intensity at R where R is the shock position, Ro is the reference position, Ṙ is the
shock velocity, and mp is the mass of the proton. This is derived more completely in
Appendix A.
An estimate of the maximum energy for quasi-perpendicular shocks (θBn >
45◦ ) can be derived from the nonlinear guiding center theory (NLGC) (Zank et al.,
2006; Dosch and Shalchi, 2010). This derivation incorporates additional assumptions
in diffusion and correlation length parameters. A reasonable approximation for this
study is to assume that κ⊥ ≈ ακk where α is a parameter taken to be between
0.1-0.001 and κ⊥,k are the perpendicular and parallel components of the diffusion
coefficient (Zank et al., 2004; Verkhoglyadova et al., 2010, 2012). This allows Equation 6.2 to be used directly for quasi-perpendicular shocks as well, and α = 0.01 is
used herein.

6.2

6.2.1

Algorithm for Solar Maximum Model

Melrose and Pope (1993) Method
Melrose and Pope (1993) and Pope and Melrose (1994) consider the repeated

acceleration of particles at multiple shocks with the accelerated distribution being
adiabatically decompressed fully between shocks. The time between shocks is not
considered with their method. Melrose and Pope (1993) apply Liouville’s Theorem
to the accelerated spectrum to properly describe the distribution of particles after decompression. If the distribution expands in a volume, R3 , the decompressed spectrum
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that was accelerated by the last (n) shock, fn (p), becomes

Z
3u1  p −q p/R 0 (q−1)
fn−1 (p0 )dp0 ,
fn (p) =
p
u1 − u2 R
0

(6.3)

where fn−1 was the particle distribution accelerated by shock (n − 1) after experiencing a corresponding decompression between shocks (n − 1) and (n). Equation 6.3 now
describes the accelerated particle distribution downstream of the shock (n) after the
particles have been adiabatically decompressed. The spectral index of the accelerated
distribution is unchanged with decompression, but the overall distribution is shifted
to the left when plotted as a function of momentum (or energy). By repeated application of this procedure, Melrose and Pope (1993) evaluate the particle distribution
that results from diffusive shock acceleration at multiple shocks with identical characteristics. Pope and Melrose (1994) extended this approach to shocks with different
shock compression ratios.

6.2.2

Transport Equation Method
As the approach of Melrose and Pope (1993); Pope and Melrose (1994) does

not consider the time between shocks (i.e., a variable decompression) or the possibility of particle escape from a finite volume, an alternate more general approach
was sought. As shown in Chapter 3 and discussed briefly in Section 6.1, the time
period surrounding solar maximum can have upwards of twenty-five shocks propagating through the system in any given three day period. As a shock takes two to
three days to propagate 1 AU, the accelerated downstream particle distribution of
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the preceding shock will not have advected out of the “box” before the new shock has
entered it, and the new shock will re-accelerate previously accelerated particles. The
frequency of occurrence of shocks during solar maximum indicates that the acceleration of particles by the shocks is essentially a non-Markovian process and diffusive
shock acceleration at multiple shocks must be modeled.
The approach of Zank et al. (2000) which solves the energetic particle transport
equation by a method similar to operator splitting is adopted. Their approach is
modified here in that individual shocks are not followed throughout the system. A
“box” of characteristic length scale L is modeled, allowing an averaged accelerated
particle distribution be derived and subsequently decompressed adiabatically, while
allowing particles to advect and diffuse out of the box.
The energetic particle distribution function, f (x̄, p, t), is governed by the familiar transport equation,

p
∂f
∂f
+ u · ∇f − ∇ · u
− ∇ · (κ · ∇f ) = 0,
∂t
3
∂p

(6.4)

where u is the flow velocity, p is the momentum of the particle, and κ is the diffusion
tensor.
Since we are considering the inner expanding solar wind within several AU,
the background flow velocity is constant and the diffusion tensor can be regarded as
approximately constant with respect to the spatial term. Equation 6.4 then becomes

∂f
∂f
p 2u ∂f
∂ 2f
+u
+
− κ 2 ≈ 0,
∂t
∂r 3 r ∂p
∂r
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(6.5)

assuming spherical symmetry and the radial coordinate r. The second term in the
equation is the convection term and can be treated as a loss term with a loss timescale,
τc ∼ L/u. The last term in the equation is the diffusion term and can also be regarded
as a loss term with timescale, τd ∼ L2 /κ as particles diffuse out of the system. Of
course, this term also contributes as a source term which brings particles into the
system (Zank et al., 2000) from outside. However, because shocks in the more distant
heliosphere are typically quite poor accelerators of energetic particles (see e.g. Rice
et al. (2000a)), we neglect diffusion as a source compared to the diffusion loss term.
Particles in the inner heliosphere generally have large mean free paths (mfp)
which means that simple diffusive transport is inappropriate. However, to render
the problem more tractable, the particle transport is treated as diffusive. Each term
of Equation 6.5 is solved via a method analogous to operator splitting (Zank et al.,
2000).
The first term in the split is the advection term,

f
∂f
≈− ,
∂t
τc

o
and hence f ∼ fo exp(− t−t
) where fo is the particle distribution function at time to .
τc

This describes the advection of particles out of the system.
The term that describes the adiabatic decompression of particles immediately
downstream of the shock is the energy term,

∂f
p 2u ∂f
+
≈ 0.
∂t
3 L ∂p
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Let τa ∼ 3L/2u be the adiabatic timescale and so

f (p, t) = fo (p = po exp[−(t − to )/τa ]).

(6.6)

Finally, the diffusion term in Equation 6.5

f
∂f
≈− ,
∂t
τd

can be solved to yield f = fo exp[−(t − to )/τd ] where τd = L2 /κ̄, and κ̄ = v̄ λ̄/3 is the
mean diffusion coefficient, v̄ is the mean particle velocity, and λ̄ is the average mean
free path.
The solution to the 1D energetic particle transport equation can therefore be
written as
 
 
u
2u
v̄ λ̄
+
+
f = fo exp −
tf ,
L 3L 3L2

(6.7)

assuming to = 0. Generally, fo is taken as a Maxwellian distribution, but a kappa,
delta, or other distribution could be used as well.

6.3

Consequences and Results for the Solar Maximum Model

The acceleration of particles at multiple shocks is implemented here for several
idealized cases. The method of decompression via the transport equation is compared
to the model introduced by Melrose and Pope (1993), thereby validating the new
approach. The transport method is a more physical approach with the inclusion
of a parameter that allows for the variable time of propagation of shocks. For the
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various idealized cases, a box length of 0.5 AU and κ̄ ∼ 6.65 × 1016 m2 /s are used,
which corresponds to a v̄ = 30u1 and a mean free path equal to 0.1 AU. Some
basic parameters for the idealized upstream distribution and shock characteristics are
adopted. These are r = 4, u1 = 440 km/s, n1 = 11.43 cm−3 , T = 9.5 x 104 K, θBn =
45◦ , and u2 = u1 /r. Most of the analysis for the idealized cases is done using just five
shocks, although the model can accommodate any number of shocks. Section 6.3.1
through the first part of Section 6.3.3 uses these parameters with slight modifications.
In the latter part of Section 6.3.3 and Section 6.3.4, multiple input parameters are
varied simultaneously and n > 5 shocks are considered.

6.3.1

Diffusive Shock Acceleration of an Identical Distribution, Initial
Injection Only
To test and validate the transport method with that of Melrose and Pope

(1993), particles are injected at an initial shock and are re-accelerated diffusively for
n = 5 shocks, i.e., an additional background population (ϕ(p) = 0) is not included
and only the previously accelerated distribution is re-accelerated (four times). In this
section, the minimum and maximum energy criteria are not implemented. Figure 6.1
(a) shows the results from the Melrose and Pope (1993) method, for five successive
strong shocks. The accelerated distributions 1-5 are shown in order in the figure as
black, red, green, blue, and dashed lines. For each subsequent particle acceleration
followed by adiabatic decompression, the slope of the power law-like distributions
flattens and the decompression shifts the distribution to the left in momentum. The
flattening is due to the re-acceleration of particles at subsequent shocks.
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Figure 6.1: Acceleration of same upstream distribution using the (a) adiabatic
method of decompression, (b) the transport equation method of decompression with
∆t = 0.1 days, (c) ∆t = 0.25 days, and (d) ∆t = 0.5 days. Plotted versus the particle
momentum normalized to a reference momentum, po . Figures (a) - (c) use the x-axis
shown in (c). Figure (d) is as marked. First acceleration is shown in black, second in
red, third in green, fourth in blue, and fifth is the dashed line.

Figure 6.1 (b) - (d) are results of accelerating particles at the same shock
five times (same color scheme) but now using the transport method. The spacing in
time between successive shocks is fixed for each of Figure 6.1 (b) - (d) and given by
∆t = 0.1, 0.25, 0.5 days, respectively, where ∆t is the time between shocks.
In comparing Figure 6.1 (b) - (d) to Figure 6.1 (a), the ∆t = 0.25 days case
most closely resembles the Melrose and Pope (1993) event. The method of Melrose
and Pope (1993) does not consider the loss of particles through advection and diffusion. The transport method, however, does consider these additional loss mechanisms
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and as such is more appropriate for an expanding solar wind. The transport method
loses particles to advection and diffusion that are not replaced with subsequent reacceleration, and adiabatically decompresses those particles not lost to the system.
This is manifested in Figure 6.1 (b) - (d) by the separation of the crossover point of
the five spectra. Both methods produce the expected hardening of the spectra for
ensuing shocks.

6.3.2

Diffusive Shock Acceleration of Identical Distributions, Repeated
Injection
Diffusive shock acceleration at successive identical shocks was considered in

the previous subsections, but the injection of particles occurred only at the initial
shock. Thereafter, the energized particles were simply reaccelerated, while experiencing losses (transport algorithm) and decompression (both methods). In this section,
the effects of particle injection plus reaccelerating at subsequent shocks are described.
As before, only the upstream background distribution, ϕ(p) is initially accelerated. After the initial acceleration, a new upstream distribution is introduced that is
coupled with the accelerated spectrum and hence for shocks 2-5, fn (p) = ϕ(p) + ψ(p).
A minimum injection energy, Einj = 1 keV, is implemented to now more appropriately
model the physics involved in particle acceleration by disregarding those particles not
sufficiently energetic to be included in the DSA process.
Figure 6.2 (a) shows results from the Melrose and Pope (1993) method. The
successive acceleration of shocks is again represented by black, red, green, blue, and
dashed lines. For each subsequent acceleration, the distribution flattens. Unlike

120

results for the previous section, there is no cross-over point as an additional upstream
distribution is included for shocks 2-5. This added population ensures that the spectral amplitude increases from one shock to another.
Figure 6.2 (b) - (d) show the results of using the transport method with a
time between shocks of ∆t = 0.1, 0.25, 0.75 days, respectively. As the time between
shocks increases, the loss mechanisms associated with the convection and diffusion
terms of the transport equation (Equation 6.7) ensure there are fewer particles to be
accelerated. This is apparent in the decreasing levels of the accelerated distribution
for shocks 2-5. In Figure 6.2 (d) for ∆t = 0.75 days, all of the previously accelerated
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Figure 6.2: Acceleration of identical upstream distributions using the (a) adiabatic
method of decompression, (b) the transport equation method of decompression with
∆t = 0.1 days, (c) ∆t = 0.25 days, and (d) ∆t = 0.75 days. Plotted versus the
particle momentum normalized to a reference momentum, po .
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particles have been lost from the box and are no longer available for re-acceleration,
and only the new upstream distribution (ϕ(p)) is accelerated. The effect is that each
accelerated distribution lies on top of the previous one, as only the current upstream
distribution is actually being accelerated. The flat part of the distribution at the
higher energies for shocks 2-5 is a numerical artifact of the calculation because of
where the maximum of the computational array extends for the subsequent shocks.
In principle, there should be no upper limit to the array (i.e., momentum of the
particle) and physically the accelerated distribution would extend to the right.
Figure 6.3 shows results after accelerating particles at five consecutive shocks
isolating the individual terms of the transport equation for ∆t = 0.3 days. The
Five Identical shocks, Transport method

10-10

Δt = 0.3 days
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Figure 6.3: Results of decompression term by term using the transport equation
method. Plotted versus the particle momentum normalized to a reference momentum,
po , with ∆t = 0.3 days. Plot shows the final results after n = 5 shocks for the diffusion
term (blue line), energy term (green line), convection term (red line), and the sum of
all terms of the transport equation (black line).
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results for the convection term are shown in red, the energy term in green, and
the diffusion term in blue. The black line represents the accelerated distribution
after decompression using the transport equation and hence all terms are included.
With each term plotted separately, it is easy to distinguish the different levels of
contribution to the transport equation. Diffusion produces the largest contribution
to the overall loss process, with convection contributing the least. These calculations
were completed with a mean free path equal to 0.3 AU. If the mean free path were
decreased, then the contribution from the diffusion term is likewise reduced and the
overall loss effect is decreased as well.

6.3.3

Diffusive Shock Acceleration of Different Distributions
To illustrate the behavior of diffusively accelerating particles at multiple shocks

with different characteristics, the input parameters are varied separately in the construction of the shocks and upstream distribution. The input values used are the
same as previously stated with the exception that now θBn = 25◦ and ∆t = 0.15
days. This section focuses on the loss and decompression of particles between shocks
using the transport algorithm, Equation 6.7.
Figure 6.4 shows the acceleration and subsequent decompression of five shocks
varying the (a) shock compression ratio, (b) upstream velocity, (c) shock obliquity,
and (d) upstream density for five shocks. In Figure 6.4 (a), the shock compression ratio alternates between r = 4 and r = 3, analogous to Pope and Melrose
(1994). The slope of the last shock (n=5) is 3.3, which is clearly a combination of
re-accelerating the previous distribution and the contribution of accelerating the final
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Figure 6.4: Decompression varying plasma parameters. Results for the acceleration
of particles at five consecutive shocks using the transport method of decompression
versus particle momentum. Parameters are varied individually to understand the
significance of different shock characteristics in the transport process: (a) shock compression ratio, (b) upstream velocity, (c) shock obliquity, and (d) density.

upstream distribution (r=4). There is an apparent increase in the accelerated distributions between shocks 2-3 and 4-5, indicating the stronger shock is more efficient at
accelerating particles.
Additionally, this scenario is run using the adiabatic method of decompression
between shocks with a larger number of shocks to better quantify if the slope converged to some average slope between ri and rj , as was found by Pope and Melrose
(1994). After n ≈ 20, it is found that the slope converges towards the lower of the
two shock compression ratios, regardless of the initial value of r or whether there
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were an even or odd number of shocks. This is generally consistent with Pope and
Melrose (1994) considering the same input parameters are not used, as they found
after approximately ten shocks the slope of the final accelerated distribution could
be approximated with a slope equal to the average of the preceding slopes. In the
specific case of Pope and Melrose (1994) who used r = 4, 3, ...4, the final slope was
∝ 3.5. This specific case study is also performed using the transport method to decompress between shocks. The results depend upon the time between shocks, which
is not surprising. The larger the ∆t, the lower the final slope of convergence and the
longer it took to converge.
In Figure 6.4 (b), the upstream velocity is varied (u1 = 443, 800, 600, 350,
1000 km/s). The implementation of pmax is noticeable in the far right of the distribution as each shock has a different maximum momentum. The fastest shock (n = 5)
is the most efficient at accelerating the upstream distribution.
The shock obliquity for a range of quasi-parallel and quasi-perpendicular shocks
is varied. Results are shown in Figure 6.4 (c) and closely resemble the results of varying the shock compression ratio. For the quasi-perpendicular shocks, we use the
relation κ⊥ ≈ ακk to calculate the maximum momentum (Zank et al., 2000), and
the maximum energy is adjusted accordingly. Were the parameter α adjusted to be
larger, the injection energy of the quasi-perpendicular shocks would be more evident
and would resemble the curves of Figure 6.4 (c).
In Figure 6.4 (d), the upstream density is varied (n1 = 11.43, 5, 8, 11.43;
8 cm−3 ). The implication for varying the density is seen in the construction of the
upstream distribution modeled as a Maxwellian distribution. A noticeable difference
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in the accelerated distributions for this scenario is the slope for shock 2 (corresponding
to the lowest density) is flatter than the subsequent slopes resulting in a more clearly
identified crossover point.
Figure 6.5 illustrates acceleration of particles at shocks with different characteristics. The parameters for each shock are listed in Table 6.1, with the columns
indicating the shock order, time between shocks, shock compression ratio, shock obliquity, upstream flow velocity, density, and temperature. These values were used to construct the upstream Maxwellian particle distribution function and shock parameters.
All parameters in Table 6.1 are representative of observed shocks and upstream distributions at 1 AU. However, the time between shocks, while representative of shock
frequency at solar maximum, is used as a free parameter to illustrate the variability
of ∆t in the transport algorithm for decompression.
The minimum injection energy remains 1 keV. The current shocks exhibit different characteristics, and so the maximum energy to which a particle can be accelerated, Emax , is now explicitly calculated for each. Additionally, the shock obliquity
can be different for each shock and we use Emax appropriate for either quasi-parallel
shocks (Equation 6.2) or the approximation for pmax for quasi-perpendicular shocks.
The implementation of Emax for the first shock is straight forward, as it is only dependent on the current shock parameters. It is more complicated for the subsequent
shocks. For shock 2-5, Emax is calculated for the previous (Ei ) and current (Ej )
shocks. If Ei < Ej , then Ej is used as the maximum value for both distributions.
If Ei > Ej , then the previous distribution is accelerated to Ei , while the current
distribution is accelerated to Ej .
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Figure 6.5: Acceleration of different upstream distributions using the adiabatic
method of decompression. Results of accelerating particles at the five consecutive
shocks listed in Table 6.1 versus particle momentum using the adiabatic method of
decompression. First acceleration is shown in black, second in red, third in green,
fourth in blue, and fifth is the dashed line.

Figure 6.5 shows the results of accelerating particles at the shocks listed in
Table 6.1 using the adiabatic decompression method. As a reminder, there is no
temporal variation between shocks with this method and the large differences in the
accelerated particle distributions as well as the differences in slope between shocks
is strictly dependent on the strength of the shock and upstream particle distribution
parameters. While Pope and Melrose (1994) also show results of accelerating multiple
shocks with different characteristics, they vary the shock compression ratio and find
that the final slope is an average of the shock compression ratios used. Results here
are more complicated as they now include varying the physical parameters of the
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upstream particle distribution, shock obliquity, and implementation of a maximum
energy.

Table 6.1: Multiple shock input. Shock and upstream particle distribution parameters.
Shock

∆t(day)

r

ΘBn

1
2
3
4
5

0.3
0.15
0.6
0.3
0.15

3
1.8
1.9
1.7
1.3

23◦
82◦
35◦
40◦
83◦

u1 (km/s) n1 (cm−3 )
380
410
600
480
390

5.051
14.32
6.255
11.063
9.368

T1 (◦ K)
3.45 × 104
1.8 × 104
4.49 × 104
3.5 × 104
6.89 × 104

Figure 6.6 and Figure 6.7 show the results of accelerating particles at the
five consecutive shocks listed in Table 6.1 using the transport method of decompression. Figure 6.6 accelerates the five shocks in the order given in the Table 6.1, while
Figure 6.7 accelerates shocks 2-5 first and accelerates shock 1 last to allow for the
investigation of the strongest shock in the list accelerating particles last. The slope
of the first shock (black line) in Figure 6.6 is noticeably flatter than the following
(weaker) shocks. Figure 6.7 illustrates particle acceleration at weaker shocks first as
the slopes are steeper for shocks 1-4, and noticeably flatter for the last (strongest)
shock. Shocks 4 and 5 in Figure 6.7 have essentially the same velocity but now with a
very large change in shock compression ratio. One can estimate that the slope of the
distribution accelerated by the last shock in Figure 6.7 is a combination of particles
accelerated at shocks 4 and 5, showing how the previous distribution plays a roll in
the final accelerated distribution, assuming the time between shocks is sufficiently
small to allow contribution from the previously accelerated distribution. These cases
128

Transport Method

Accelerated Spectrum (s3 m-6)

10-10

10-20

shock 1
10-30

shock 2
shock 3
shock 4
-- shock 5

10-40

10-22

10-21

10-20
Momentum (kg m/s)

10-19

10-18

Figure 6.6: Acceleration of different upstream distributions using the transport
equation method of decompression. Input parameters are listed in Table 6.1. First
acceleration is shown in black, second in red, third in green, fourth in blue, and fifth
is the dashed line.
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Figure 6.7: Acceleration of different upstream distributions using the transport
equation method of decompression, strong shock last. Input parameters are listed in
Table 6.1, with the first shock last. First acceleration is shown in black, second in
red, third in green, fourth in blue, and fifth is the dashed line.
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illustrate the importance of the shock and upstream distribution parameters on the
final accelerated distribution and show how the model exhibits the correct sensitivity
for the different shocks characteristics. The multiple shock model is able to appropriately account for these changing conditions.

6.3.4

Acceleration of Particles at Multiple Shocks in Volume Space
The diffusive shock acceleration of particles at shocks in the interplanetary

medium at solar maximum (∼ year 2000) for a 30 day time period is now considered.
Initial velocities and frequency of distribution as given in the Coordinated Data Analysis Workshop (CDAW) coronal mass ejection (CME) database are used in part to
construct the shock input. Shocks for this 30 day period were reduced to include only
those shocks with a position angle, PA, such that 180◦ ≤ PA ≤ 360◦ as denoted in
the database. This allows us to focus our study on a smaller initial volume space such
that a propagating shock is more likely to interact with the accelerated population
of the previous shock. Further, by taking the CMEs within this area on the sun,
the likelihood of interaction and coupling with the Earth’s magnetic field is increased
(although not guaranteed). For the time period and position angles chosen, there
are 73 shocks. The method of decompression and loss used here is the Transport
Equation method over the volume of space that includes 1 AU.
The maximum energy, Emax , is calculated at 0.1 AU. For simplicity, it is
assumed that all shocks are quasi-parallel, despite there undoubtably being shocks of
varying obliquity. The shock compression ratio is assigned as it relates to the shock
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velocity for the following conditions in increments of 500 km/s and shown in Table 6.2.
In doing so, the shock compression ratio essentially orders the shock velocity.

Table 6.2: Shock compression ratio. Assignment of shock compression ratio is based
on the initial velocity of the CME.

r
r
r
r
r

vsh (km/s)
=4
= 3.5
=3
= 2.5

if vsh ≥ 1500km/s
if 1000 < vsh < 1500 km/s
if 500 < vsh ≤ 1000 km/s
if vsh ≤ 500km/s

The upstream particle distributions are constructed at 1 AU using daily averages of the appropriate parameters using moments from the Solar Wind Electron,
Proton, and Alpha Monitor (SWEPAM), an instrument on the Advanced Composition Explorer (ACE) spacecraft. A κ-distribution is used with κ = 10. As with
particle acceleration at single shocks in Chapter 4 and Chapter 5, a multiplicative
constant is used with the constructed upstream distribution to more accurately represent particle distributions observed at 1 AU. We use α = 0.005 here. Bad records in
the data are discounted and the average from the previous day is used instead, which
occurred for one of the days in the 30 day period. The velocity of the shock at 1 AU
is assumed to follow vsh (at 1AU) ≈ 0.6vsh (at 0.1AU), which is reasonable based on
1D shock propagation models (Zank et al., 2000; Verkhoglyadova et al., 2009). For
simplicity, the injection energy is kept constant at 1.0 keV, but could of course vary
depending on shock strength and obliquity.
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Figure 6.8 shows the accelerated particle distributions for all 73 shocks for the
30 day time period. The daily averages of the Electron, Proton, and Alpha Monitor
(EPAM, also on ACE) particle distributions are over-plotted, and while simplifications
were made with the physical parameters of the shocks in the model, the observations
of the energetic particle distribution are well within the minimum and maximum of
the accelerated distributions produced by our model. The injection energy for all
shocks is Einj = 1.0 keV and is an average injection energy used for all quasi-parallel
shocks in this section. It is possible at this stage of development for the model to
over-estimate the accelerated distribution at the higher energies depending on the
values of Lbox and the mean free path used. The accelerated distributions in those
cases were much flatter than the observations show.
10-5

Accelerated Spectrum (s3 m-6)
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Figure 6.8: Accelerated distributions for the 73 shocks. All accelerated distributions
in the sample CME database. Red asterics are the daily average EPAM distributions.
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It is common over the course of the month for there to be variation in the
shock strength. The distributions at higher energies are often steeper than at lower
energies. This roll-over and subsequent steepening at higher energies can and has
been represented by multiple power laws (van Nes et al., 1984). According to the
theory of diffusive shock acceleration for multiple shocks, Melrose and Pope (1993)
showed the spectrum at higher energies tended toward -3 and in fact was ≤ −3 for
these higher energies. The slope of the accelerated distribution is therefore calculated
for the part of the spectrum that coincides with the most energetic particles (i.e., the
upper third of the energy range) and plotted, along with the variance, in Figure 6.9.
In Figure 6.8, vertical lines can be seen in the upper momentum ranges due to the
way the distributions are added for previous and current accelerated distributions.
When calculating the slope of these points, an infinite or near infinite slope can
occur. The infinite slope is a numerical artifact associated with the point at which
the previous accelerated distribution is added to the current accelerated distribution.
Those artifacts have been averaged out of Figure 6.9.
The daily average particle distribution or the observations for the lowest three
energy channels corresponding to black (E=56 keV), red (E=90 keV), and green
(E=150 keV) are plotted in Figure 6.10. The daily averages of the accelerated distributions from the model are over-plotted for the same energies. The three points in
the daily averages where there is no model information correspond to the days in the
30 day sample database where there were no CMEs. There is no method at this stage
of development to adequately constrain the model when no input data is available.
Rather than arbitrarily assign a value or calculate the average of the preceding and
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Figure 6.9: Slope characteristics. Plotted is the slope for all shocks in the sample
30 day CME database for the higher energies only. Dashed line is the slope ± the
variance. Dotted/dashed line is the maximum and minimum of the slope.

subsequent day, the point is left blank. The distributions overall show encouraging
results. However, the model appears to somewhat under estimate accelerated distributions and yield values in some cases that are comparatively too high/low. Further
work is required to better refine the model sensitivity.

6.4

Summary of Results

A model to appropriately accelerate particles in a system of multiple shocks
with frequencies appropriate to the solar maximum time period was developed. Two
methods of loss and decompression were used to characterize the downstream accelerated particle distribution. The first method of Melrose and Pope (1993) adiabatically
decompresses the particles immediately downstream of the shock. The second method
solves the cosmic ray transport equation via a method analogous to operator splitting,
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Figure 6.10: Particle distribution per enegy. Solid lines are daily averages of the
lowest three energy channels of EPAM observations and the dashed lines are the daily
averages of the theoretical accelerated distribution per energy.

to thereby incorporate losses due to advection and diffusion, as well as to include adiabatic decompression. Both methods are compared for a set of idealized shocks and
an application of the model to the acceleration of particles in a non-Markovian system is given in Section 6.3.4. Further conclusions are discussed in the Conclusions,
Chapter 7.
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CHAPTER 7

CONCLUSIONS

Diffusive shock acceleration (DSA) is considered the primary mechanism responsible for the observed cosmic ray spectrum up to ∼ 1014 eV/nuc. However, the
mechanism responsible for the acceleration of particles at interplanetary shocks is not
as widely accepted (Ho et al., 2008). There are two reasons for the uncertainty in the
solar energetic particle (SEP) community. The first is that the steady-state theory of
DSA predicts a simple power law accelerated spectrum. However, observations have
shown the spectrum to sometimes resemble a double power law or a power law with a
roll-over (Desai et al., 2006; van Nes et al., 1984). Verkhoglyadova et al. (2009, 2010);
van Nes et al. (1984) showed through modeling that the spectra from evolving shocks
using time-dependent diffusive shock acceleration typically produced spectra with a
double power law or power law with roll-over.
The second source of uncertainty is the question of which particles are being injected into the diffusive shock acceleration mechanism. Particles with energies
greater than 1 keV are required in order for them to be available for the diffusive
shock acceleration process. This is because for the particle to be accelerated, it must
have sufficient energy to propagate up and downstream multiple times. There are
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two schools of thought concerning the so-called “injection problem.” The first is that
particles are injected directly out of the thermal pool of the solar wind (van Nes et al.,
1984; Gosling et al., 1984; Lario et al., 2004; Ho et al., 2005; Neergaard Parker and
Zank, 2012). The second school of thought is that there is a pre-existing (unspecified) energetic seed population, possibly from a solar flare, or previous coronal mass
ejection or shock (Desai et al., 2003; Mason, 2000). This is supported by observations
showing energetic particle spectra comprised of particles whose abundances do not
correspond to the background solar wind. Instead, these particles exhibit abundances
favoring some heavy ions (i.e., 3 He), whose origins can be traced back to solar phenomenon such as solar flares, solar energetic particle events, etc. Due to observations
of heavy ion spectra, Desai et al. (2003) concluded that they were preferentially accelerated at co-rotating interaction regions (CIR). It is likely that, at least in part, the
injection of particles at interplanetary shocks is a combination of both. The diffusive
shock acceleration mechanism will accelerate particles regardless of the source.
The diffusive shock acceleration process is more efficient at a quasi-parallel
shock because the particle is able to cross the shock multiple times compared to
a quasi-perpendicular shock for two reasons. 1) The geometry of a parallel shock
naturally allows for multiple crossings of the shock before the shock convects out of the
system. 2) Parallel shocks are more efficient at exciting the upstream wave field due
to the dependence of the upstream wave intensity, I(k), on cos θBn ; hence I(k) → 0
and the scattering process is absent for strictly perpendicular shocks (Bell, 1978a,b;
Zank et al., 2000; Rice et al., 2003; Gordon et al., 1999; Lee, 1983). The upstream
wave excitation ensures the particle remains trapped by the upstream wave field and
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returns to the shock front. These multiple boundary crossings produce acceleration
to higher energies (van Nes et al., 1984; Lario et al., 2004; Ho et al., 2005; Zank et al.,
2006). Because of the orientation of the magnetic field in a quasi-perpendicular shock,
there are less available opportunities of shock crossings even with the inclusion of field
line meandering. Additionally, the dissipation mechanism is now specularly reflected
ions for quasi-perpendicular shocks. By contrast, the diffusion coefficient, κ⊥ , plays
an important role for the injection of particles at quasi-perpendicular shocks as it
describes the motion of a particle in a meandering field line.
Modeling of κ⊥ using current quasi-linear theory does not fully explain the
observed transport of energetic particles. To account for the limitations of the quasilinear theory, Nonlinear Guiding Center (NLGC) Theory, expressed in Equation 2.2
from Chapter 2, takes into account the ability of the particle to non-linearly propagate via the random walk of magnetic field lines.

The solar wind turbulence,

S(k̄) = S⊥2D (κ⊥ )δ(κk ) + S⊥slab (κk )δ(κ⊥ ), characterizes the low-frequency magnetohydrodynamic turbulence. It is comprised of both a slab component, describing
Alfvénic-like fluctuations, and a 2D component, which characterizes the fluctuations
perpendicular to the mean magnetic field. For oblique shocks κ = κk cos2 θ +κ⊥ sin2 θ,
and hence κ⊥ and NLGC theory dominate for perpendicular shocks. This is not only
important for the injection process, but also for the estimate of the maximum energy.
Steady-state diffusive shock acceleration is derived from the cosmic ray transport equation (see Equation 2.4) which is valid under the assumptions that the particle anisotropy is small at the shock and the flow velocity is much smaller than
the particle velocity. The boundary conditions that must be satisfied when deriving
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the steady-state diffusive shock acceleration equation are that the energetic number
density is conserved across the shock and the energetic particles satisfy the streaming condition at the shock. This yields the equation that describes the accelerated
downstream distribution, f (0, p),

3
f (0, p) =
p−q
u1 − u2

p



Q(p0 ) dp0
0
p u1 f (−∞, p ) +
,
4πp02 p0
pinj

Z

0q

(7.1)

where u1(2) is the flow velocity upstream (downstream) of the shock, p is the momentum of the particle, q is the spectral index, f (−∞, p0 ) is the upstream background
distribution, and Q(p0 ) is a seed population of particles.
The theory of diffusive shock acceleration, Equation 7.1, is used in this research
to describe the acceleration of particles at quasi-parallel and quasi-perpendicular
shocks for single shocks (Chapter 4 and Chapter 5) and at multiple shocks with
frequency of occurrence appropriate for solar maximum (Chapter 6). The acceleration of particles at a single shock is a Markovian process. We summarize the results
for single shocks at both quasi-perpendicular and quasi-parallel shocks in Table 7.1
and Section 7.1. It was shown in Chapter 3 and in Chapter 6 that the acceleration of particles at at interplanetary shocks during conditions representative of solar
maximum is essentially a non-Markovian process. These results are summarized in
Section 7.2.
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Table 7.1: Summary of results. Table details the results for all quasi-parallel and
quasi-perpendicular cases including the date, shock obliquity, shock compression ratio,
theoretical spectral index, power law fits to ACE observations, and the spectral ratio.
The quasi-parallel shocks are highlighted in grey. The asterisk denotes shocks with
injection energies below the lower limit of 1 keV.
Date of
shock
1998
1998
1998
1998
1998
1998
1999
1999
1999
1999
1999
1999
1999
2000
2000
2000
2000
2000
2000
2000
2000
2000
2000
2000
2000
2000
2001
2001
2001
2001
2001
2001
2001
2001
2002
2002
2003

June 13
Aug 6
Nov 8
Dec 1
Dec 11
Dec 26
Feb 17
Mar 10
May 5
July 8
Sept 26
Oct 21
Oct 28
Jan 27
Feb 11
Feb 11
June 3
July 11
July 19
July 26
Aug 10
Aug 14
Sept 6
Oct 31
Nov 4
Nov 26
Jan 17
Mar 3
Mar 30
Apr 18
Apr 28
Sept 29
Oct 28
Oct 31
May 23
July 17
May 9

∗

θBn
(ACE)
23◦
82◦
77◦
77◦
83◦
82◦
80◦
78◦
38◦
78◦
80◦
77◦
83◦
23◦
27◦
88◦
78◦
84◦
81◦
84◦
18◦
21◦
85◦
24◦
84◦
83◦
28◦
82◦
35◦
81◦
88◦
19◦
30◦
39◦
84◦
35◦
82◦

∗

rACE

spectral
index (q)

γ(EP AM )

Ratio=
q/γ(EP AM )

Einj
(keV)

3.0
1.8
1.9
1.7
1.3
1.4
1.5
1.5
3.32
3.4
1.8
2.5
1.7
2.07
2.52
2.8
1.9
2.3
2.9
1.8
2.72
2.37
2.3
2.32
2.9
3.8
1.96
1.9
1.89
3.0
3.7
2.25
2.85
2.08
1.7
2.62
2.2

-4.5
-6.75
-6.3
-7.3
-13
-10.5
-9.0
-9.0
-4.29
-4.2
-6.75
-5.0
-7.3
-5.8
-4.97
-4.67
-6.3
-5.3
-4.6
-6.75
-4.74
-5.19
-5.3
-5.27
-4.6
-4.1
-6.13
-6.3
-6.37
-4.54
-4.1
-5.4
-4.62
-5.78
-7.3
-4.85
-5.5

−6.44 ± 0.21
−6.28 ± 0.18
−6.0 ± 0.11
−6.29 ± 0.12
−7.59 ± 0.14
−6.18 ± 0.16
−4.6 ± 0.21
−5.79 ± 0.07
−6.96 ± 0.11
−6.67 ± 0.04
−6.69 ± 0.09
−8.43 ± 0.16
−6.89 ± 0.04
−5.76 ± 0.09
−5.83 ± 0.20
−4.75 ± 0.12
−6.48 ± 0.12
−7.99 ± 0.26
−6.13 ± 0.10
−6.82 ± 0.08
−6.89 ± 0.12
−5.70 ± 0.11
−7.27 ± 0.15
−6.59 ± 0.16
−5.63 ± 0.10
−6.04 ± 0.06
−6.34 ± 0.20
−8.27 ± 0.18
−4.68 ± 0.07
−6.72 ± 0.10
−2.34 ± 0.3
−5.65 ± 0.11
−6.35 ± 0.07
−7.19 ± 0.54
−3.71 ± 0.18
−4.82 ± 0.07
−9.51 ± 0.53

0.70 ± 0.21
1.07 ± 0.18
1.05 ± 0.11
1.16 ± 0.12
1.71 ± 0.14
1.70 ± 0.16
1.96 ± 0.21
1.55 ± 0.07
0.62 ± 0.11
0.63 ± 0.04
1.01 ± 0.09
0.60 ± 0.16
1.06 ± 0.04
1.0 ± 0.09
0.85 ± 0.20
0.98 ± 0.12
0.97 ± 0.12
0.66 ± 0.26
0.75 ± 0.10
0.99 ± 0.08
0.69 ± 0.12
0.91 ± 0.11
0.73 ± 0.15
0.80 ± 0.16
0.82 ± 0.10
0.68 ± 0.06
0.97 ± 0.20
0.76 ± 0.18
1.36 ± 0.07
0.70 ± 0.10
1.75 ± 0.3
0.96 ± 0.11
0.73 ± 0.07
0.80 ± 0.54
1.97 ± 0.18
1.0 ± 0.07
0.58 ± 0.53

1.0
1.0∗
1.4
1.45
1.0∗
1.0
1.2
1.1
1.025
2.0
1.15
1.5
1.2
1.0
1.47
1.5
1.8
1.4
1.675
1.025
1.15
1.7
1.3
1.075
1.2
2.5
1.025
2.1
1.075
1.2
1.9
2.6
1.0∗
1.0∗
1.0
1.3
5.3
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7.1

Acceleration of Particles at Single Shocks

Observations of energetic solar particle (ESP) events at 1 AU for thirteen
quasi-parallel and twenty-four quasi-perpendicular shocks were compared with theoretical predictions of the accelerated spectra using either a Maxwellian or a κdistribution, constructed from the observed plasma conditions (using ACE SWEPAM observations) as the upstream background population. The observed energetic
spectra were obtained from the ACE EPAM instrument, and the wind PESA-High
instrument where applicable.
Table 7.1 shows the results for particle acceleration at single shocks for both
the quasi-parallel and quasi-perpendicular shocks in the study. The table lists the date
of the shock, shock obliquity, shock compression ratio, spectral index (all observed at
ACE), the power law fit to the energetic spectra at ACE, the spectral ratio as defined
by the ratio of the theoretically computed spectral index to the power law fit, and the
injection energy found by iteration until the theoretical accelerated spectrum aligned
with observations.
The spectral ratio, q = 3r/(r − 1), gives the measure of how well theory and
observations compare for each event. The ratios range from 0.58 to 1.96. Ratios
ranging from 0.9-1.1 are considered to be in excellent agreement with observations
and the best representation of how accurately steady-state diffusive shock acceleration
theory predicts the downstream accelerated spectrum. Ratios of 0.8-0.9 and 1.1-1.2
are considered to be in good agreement, while ratios 0.7-0.8 and 1.3-1.4 are denoted

141

as fair agreement. All other ranges of ratios are considered a poor measure of how
well the steady-state theory compares to observations.
Of the thirty-seven shocks, twelve cases (one third) are in excellent agreement
and an additional five cases are in good agreement. There was only one shock with
spectral ratio greater than 1.1 for the quasi-parallel cases. Conversely, the quasiperpendicular shocks had six shocks with spectra ratios greater than 1.5. The quasiperpendicular shocks had the most deviation from unity with seven shocks that were
not a reasonable match to diffusive shock acceleration theory. The quasi-parallel
analysis had none in the poor category.
The shocks that exhibit fair or poor ratios may have additional seed populations and this could explain the poor relationship between the theoretical spectral
index and that observed since the spectral index is based solely on the accelerated
population for an upstream Maxwellian or kappa distribution. Ratios greater than
one will have a harder observed spectrum and could indicate a pre-existing seed population in the upstream environment. Conversely, ratios less than one indicate a
steeper observed energetic spectrum and may be a representative time dependent
diffusive shock acceleration. The closest comparison for quasi-perpendicular shocks
between the accelerated upstream distribution using Equation 6.1 and observations
was achieved using an upstream κ-distribution with κ = 4. There were four cases
that had a best fit associate with κ = 2 or 10. It is the contention of this study that
in most instances it is possible to explain the cases with spectral ratios closer to one
by diffusively accelerating only the thermal core population of the solar wind, best
represented by a Maxwellian distribution for quasi-parallel shocks, or accelerating the
142

thermal core and an elevated energetic population represented by a κ- distribution
(κ ∼ 4) for quasi-perpendicular shocks.
The summary plots in both Chapter 4 and Chapter 5 illustrate the central
results of DSA of particles at a single shock. By using the observed Maxwellian
or kappa distribution ahead of the shock, it is found theoretically that an injection
energy, Einj , of 1.0 ≤ Einj ≤ 5.3 keV ensures that the amplitude of the theoretical
accelerated ion spectrum matches that observed. The observed spectra, as shown
in Figure 4.2 - Figure 4.4, exhibit almost perfect power laws which are essentially
identical to those predicted locally i.e., immediately downstream of the observed
shock.
The injection energy reached the lower limit of 1 keV before agreement between
the theoretically predicted accelerated distribution and observations occurred for four
instances (two quasi-parallel and two quasi-perpendicular shocks). In these cases, it
was shown that if a separate distribution, modeled as a power law, were added to the
constructed upstream Maxwellian or κ- distribution then agreement with observations
were possible. The question of what population is appropriate to model, such as
a suprathermal tail or solar flare, and the frequency and amplitude at which this
population should be added to the thermal core will be addressed in future work.
The power spectral density (PSD) plots for all quasi-perpendicular shocks in
the study showed very little magnetic enhancement (less than an order of magnitude) in the twelve hours prior to the shock arrival, which is expected (Zank et al.,
2006). The shocks on August 6, December 11, and December 26 all in 1998 all had
minor variations uncharacteristic of the “typical” PSD profile for quasi-perpendicular
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shocks. These differences include a larger variation in magnetic intensity (over a half
to an order of magnitude), one with a large magnetic enhancement an hour prior to
shock arrival and the remaining two showing enhancement six or twelve hours prior
to shock arrival. However, when viewed over the entire frequency range, the PSD
profile for these shocks is well within the range of variation typically observed for
quasi-perpendicular shocks. One might naively consider that shocks (regardless of
obliquity) with spectral ratio greater than one would show magnetic enhancement
in the PSD plots since a harder spectrum might indicate the existence of a previous
shock propagating through the system, leaving turbulence in its downstream region.
However, one of the imposed requirements for this study is that there be no shock
in the previous twenty hours as indicated in the ACE shock database. So it seems
unlikely that an energetic population from a pre-existing shock is responsible for the
accelerated particle spectrum associated with shocks having a spectral ratio greater
than one in this study. A possible seed population from a solar flare or additional
mechanism would also be a source of additional energetic particles and would not
sufficiently contribute to the enhancement of magnetic fluctuations of the upstream
region.
Since the injection energy is consistent with the criteria for particles to be
accelerated diffusively at a shock wave, we conclude that protons can be accelerated
directly out of a solar wind Maxwellian distribution for quasi-parallel shocks or from
a kappa distribution for quasi-perpendicular shocks. In all but four cases, it appears
to be unnecessary to have either a suprathermal pool of energetic protons to seed
diffusive shock acceleration or even a separate physical mechanism to pre-accelerate
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protons at quasi-perpendicular shocks. These results give a lower limit to the injection energy required to produce the observed accelerated downstream spectra via
steady-state diffusive shock acceleration. For quasi-perpendicular shocks, we find
that a kappa distribution with κ ∼ 4 better represents the upstream environment,
indicating that there is a separate physical mechanism involved which pre-energizes
a certain population manifesting in a larger energetic upstream population than is
present at quasi-parallel shocks (hence the kappa distribution). This pre-acceleration
mechanism could be shock surfing or shock drift acceleration, but is not studied in
detail in this dissertation. Of course, if a pre-existing suprathermal particle population is present, it will experience diffusive shock acceleration. This, in general, is not
necessary to explain the observed spectra for the shocks we analyzed in this study.
The energetic particle background was checked and there was no enhanced energetic
particle population found for 20 hours previous to the arrival time at ACE of our
shocks, supporting the notion that particles can be energized directly from the thermal pool described by a Maxwellian (quasi-parallel) or kappa (quasi-perpendicular)
distribution.
Secondly, the observed spectral form for energetic protons at these shocks is
explained completely by diffusive shock acceleration when the observed shock characteristics are used. Because of the different shock strengths, it was found that the
spectral ratios that ranged from 0.9 − 1.1 for the energetic ion spectra for the shocks
in the study (refer to Table 7.1), are in excellent agreement with observations. It is
therefore concluded that diffusive shock acceleration with injection directly from an
approximately thermal Maxwellian or κ- distribution, or in a minority of cases from
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the thermal core plus a suprathermal tail, is responsible for ESP events associated
with quasi-parallel and quasi-perpendicular interplanetary shocks.

7.2

Acceleration of Particles at Multiple Shocks

A model to accelerate particles at multiple shocks in the inner heliosphere was
developed in Chapter 6. The fundamental approach assumes that a distribution of
particles is accelerated diffusively inside a box (Protheroe and Stanev, 1999; Moraal
and Axford, 1983; Ball and Kirk, 1992; Drury et al., 1999) while experiencing decompression through adiabatic expansion and losses from the convection and diffusion of
particles out of the box (Melrose and Pope, 1993; Zank et al., 2000). Two mechanisms to decompress the accelerated particle spectrum between shocks are explored:
the first referred to in this study as the Melrose and Pope (1993) method and the
second method uses the cosmic ray transport equation directly. Both approaches decompress particles adiabatically. The transport method explicitly includes losses due
to the convection and diffusion of particles out of the box. The transport equation is
solved using an approach similar to that of Zank et al. (2000) in that operator splitting
is utilized and the particle loss timescales are used to solve each term. Comparing
the frequency of shocks around solar maximum and solar minimum, it is found that
particle acceleration at solar minimum can be described on the basis of single independent shocks, making the process approximately Markovian. By contrast, diffusive
shock acceleration during periods of frequent, closely spaced interplanetary shocks
includes the affects of particle acceleration at preceding and following shocks. Because diffusive shock acceleration during solar maximum can no longer be described
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by a single, independent shock, the diffusive shock acceleration process is essentially
non-Markovian.
In Section 6.3.2, the results of Melrose and Pope (1993) for an identical sequence of shocks is recovered. The spectrum flattens for subsequent accelerations,
while decompression simultaneously moves the spectrum to the left. This occurs for
both methods of decompression. However, the transport method being appropriate
to an expanding solar wind also loses particles through convection and diffusion. The
role of ∆t is evident with the transport method by the noticeable decompression between successive shocks increasing as ∆t increases. Accelerating particles at identical
shocks show similar results, but in the case of identical shocks a minimum injection
energy is implemented as well.
In Section 6.3.3, particles at shocks with different characteristics are accelerated using the transport method of decompression and employing a pmax appropriate
for either quasi-parallel or quasi-perpendicular shocks. The maximum momentum,
pmax , is found by equating the dynamical timescale of the shock to the particle acceleration timescale. Two versions of pmax are used depending on the shock obliquity.
For a quasi-parallel shocks, pmax is derived by assuming the scattering upstream of the
shock is due to Alfvén waves excited by the streaming energetic particles. For simplicity, the Bohm form of the diffusion coefficient is assumed (Zank et al., 2000). The pmax
appropriate for quasi-perpendicular shocks is found by assuming κ⊥ = 0.01κk (Zank
et al., 2004). The appropriate pmax (Emax ) is then implemented in the model based
on the calculation for the current (Ej ) and previous (Ei ) shocks. If Ei < Ej , then Ej
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is used as the maximum value for both distributions. If Ei > Ej , then the previous
distribution is acceleration to Ei , while the current distribution is acceleration to Ej .
It is found that when a shock propagates through the volume space where a
previous shock has recently passed, the resulting slope is a combination of slopes of
the previous shocks, showing how the previous accelerated distribution plays a role
in the final accelerated distribution. Pope and Melrose (1994) found that the slope
of the final accelerated distribution was an average of the previous slopes, using
upstream distributions that varied only in shock strength (r). This convergence
to an average slope occurred after approximately ten shocks (n ≈ 10). We found
the slope of the final accelerated distribution to be between the previous slopes,
but not quite an average. This was found using the transport equation method of
decompression. We also studied this scenario using the (Melrose and Pope, 1993)
method of decompression (i.e., adiabatic decompression only) and found convergence
to a final slope at n ∼ 20, which is similar to the results of (Pope and Melrose, 1994).
We also note using the transport equation method, that convergence is also dependent
upon time between shocks. The larger the time between shocks, the longer it took
to converge (i.e., more shocks were required to have propagated through the system
before convergence).
Lastly, the multiple shock model is extended to provide a preliminary application of the diffusive shock acceleration of particles by multiple shocks during
solar maximum. We considered a total of 73 shocks for a 30 day period during solar maximum (2000, April) and considered acceleration within the heliosphere to a
radius of ∼ 1 AU. We assume all shocks for this part of the study are quasi-parallel
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with a minimum injection energy of 1.0 keV. The upstream particle distribution is
constructed using daily averages of observations at 1 AU and we assign a shock compression ratio based on the original speed of the coronal mass ejection. Particles are
diffusively accelerated at these 73 shocks and the accelerated distribution is compared
to daily averages from energetic particle observations at 1 AU. The model does a good
job of predicting the magnitude of the accelerated distributions as the observations
are well within the upper and lower bounds of the model. Additional work is required
to appropriately balance the input parameters such as the size of the box, mfp, etc.,
to better represent the final accelerated distribution over time. Further studies can
also include comparing the acceleration of particles within a box at different heliocentric distances to observations (e.g., such as comparison of acceleration or particles
at multiple shocks 2 − 5 AU to observations taken by the Ulysses spacecraft).
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APPENDIX A

DERIVATIONS

A.1

Steady-State Diffusive Shock Acceleration Equation from the Cosmic
Ray Transport Equation for Relativistic Particles

We start with the general convective-diffusive transport equation, more commonly referred to as the cosmic ray transport equation,

p
∂f
∂f
+ u · ∇f − ∇ · u
− ∇ · (κ · ∇f ) = 0,
∂t
3
∂p

(A.1)

where f = f (x, p, t) is the energetic particle distribution function, p momentum, u is
the flow velocity, and κ the diffusion tensor. The boundary conditions appropriate
to solve this problem are
i) [f ] = f1 − f2 = 0 and
0+

ii) [S] = S · n̂
0−

= −Qδ(p − po ),

where the brackets denote the change in upstream and downstream quantities, S is
the particle current, Q is the particle injection rate at the shock, and the subscripts
1, 2 denote upstream and downstream, respectively. Two boundary conditions are
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required because the transport equation is second order. The first boundary condition states that the energetic particle number density must remain constant across the
shock. The second boundary condition requires that the particle current be continuous across the shock if there is no source term or is equal to the particle injection rate
if there is a source. For steady-state conditions with constant flow up and downstream
Equation A.1 becomes

∂f
p
− ∇ · (κ · ∇f ) = 0,
u · ∇f − ∇ · u
3
∂p

where κ = κ(x, p) and x is parallel to the shock normal. This yields



df1
κ
= 0;
dx


d
df2
df2
−
u2
κ
= 0.
dx
dx
dx
df1
d
u1
−
dx
dx

upstream
downstream

For the upstream region we have

d
df1
−
u1
dx
dx



df1
κ
dx


= 0;

df1
= C1 (p);
dx
−C1 (p)
df1 u1
− f1 =
;
dx
κ
κ
u1
u1
df1
u1
−C1 (p) (− uκ1 x)
e(− κ x)
− e(− κ x) f1 =
e
;
dx
κ
κ
d h (− uκ1 x) i −C1 (p) (− uκ1 x)
e
f1 =
e
;
dx
κ
Z h
Z
i
u
C1 (p) (− uκ1 x)
− κ1 x)
(
d e
f1 = −
e
dx;
κ
u1 f1 − κ
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(A.2)



u1
−C1 (p)
e(− κ x) f1 =
κ

f1 (x, p) =

−κ
u1



u1
e(− κ x) + B(p);

u1
C1 (p)
+ B1 (p)e( κ x) ;
u1

u1
f1 (x, p) = A1 (p) + B1 (p)e( κ x) .

(A.3)

Likewise for the downstream region

u2
f2 (x, p) = A2 (p) + B2 (p)e( κ x) .

We expect the particle distribution function far up and downstream, f (±∞, p), to be
bounded. At x = −∞ (upstream region)

f1 (−∞, p) = A1 (p) + B1 (p)e−∞ ;
= A1 (p);
u1

f (x, p) = f1 (−∞, p) + B1 e κ x .

x<0

At x = ∞ (downstream region)

f2 (∞, p) = A2 (p) + B2 (p)e∞
= A2 (p);
f (x, p) = A2 (p) = f2 (∞, p),
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x>0

where B2 = 0. Indicating that downstream of the shock the particle distribution
function can be regarded as constant. We now match the solutions at x = 0 by
imposing the first boundary condition.

f1 (0, p) = f2 (0, p) = f (0, p);
A1 (p) + B1 (p) = A2 (p);
f1 (−∞, p) + B1 (p) = f (0, p);
B1 = f (0, p) − f1 (−∞, p).

Therefore,

h
i
u 
1
x ;
f (x, p) = f1 (−∞, p) + f (0, p) − f1 (−∞, p) exp
κ

x<0

= f (0, p).

x>0

From the second boundary condition we have



p ∂f
− κ · ∇f +
u · n̂
3 ∂p
−κ
−

0+

=
0−

Q(p)
;
4πp2

df2 (0, p) p df2 (0, p)
df1 (0, p) p df1 (0, p)
Q(p)
−
u2 + κ
+
u1 =
;
dx
3 dp
dx
3 dp
4πp2

p df2 (0, p)
p df1 (0, p)
Q(p)
u2 + [u1 f (0, p) − u1 f1 (−∞, p)] +
u1 =
,
3 dp
3 dp
4πp2

where we have assumed 1D, df2 /dx = 0, and we substituted

κ df1 /dx = u1 [f (0, p) − f1 (−∞, p)] .
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After rearranging terms and letting q = 3u1 /(u1 − u2 ), we have



df (0, p)
3
Q(p)
p
+ qf (0, p) =
u1 f1 (−∞, p) +
.
dp
u1 − u2
4πp2

Using the identity function



q
dh q i
q−1
q df
q df
p f = qp f + p
=p
+ f
dp
dp
dp p

and substituting back into the equation above we have



dh q i
Q(p) 1
q
p f = p u1 f (−∞, p) +
;
dp
4πp2 p


Z p
Q(p) dp0
0q
q
p u1 f (−∞, p) +
pf=
;
4πp2 p0
pinj

3
p−q
f (0, p) =
u1 − u2

Zp
p

0q




Q(p) dp0
u1 f (−∞, p) +
4πp2 p0

(A.4)

pinj

where Equation A.4 is the downstream accelerated distribution, more commonly referred to as the steady-state solution for diffusive shock acceleration (Bell, 1978a,b;
Zank et al., 2000; Zank, 2013).

A.2

Derivation of the Acceleration Timescale, τacc
The acceleration timescale, τacc , is important because it is the available time

a particle has to be accelerated by a shock wave which will give the maximum energy
to which a particle can be accelerated (see Section A.3). The acceleration timescale is
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also related to the size of the acceleration region (Zank et al., 2000; Axford, 1981). We
first consider a steady planar shock with a steady source of mono-energetic particles.
Recall the cosmic ray transport equation,

p
∂f
∂f
+ u · ∇f − ∇ · u
− ∇ · (κ · ∇f ) = 0.
∂t
3
∂p

(A.5)

We apply the Laplace transform defined to be

Z

∞

e−st f (t, x, p)dt,

g(s, x, p) =
0

to Equation A.5 in 1D with constant κ and constant flow velocities (the criteria for
the constant flow velocity, ui , eliminates the energy term) to obtain

sg(s) − f (0) + ui L

h ∂f i

= κi L

h ∂ 2f i

∂x
∂x2
∂g
∂ 2g
sg(s) + ui
= κi 2 .
∂x
∂x

;

We have the initial conditions and the same boundary conditions as used in Section A.1:
i) f (0) = 0;
ii) The source Qδ(p − po ) is at x = 0.
iii) [f ] = f1 − f2 = 0;
h
i
p ∂f
iv) κ ∂f
+
u
= −Qδ(p − po ).
∂x
3 ∂p
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Take the Laplace transform of the streaming boundary condition at the shock and let
"

1/2 #
4κi s
ui
i
βi =
1 − (−1) 1 + 2
;
2κi
ui
r
4κi 2
u − 1,
Ai = 1 +
s i

1 = 1, 2 corresponds to upstream, downstream of the shock. Then,

 
 
h i p
h i p
h
i
∂f
∂f
0
0
κ1 L f + u1 L
− κ2 L f − u2 L
= −L Qδ (p − po ) ;
3
∂p
3
∂p
p ∂go
1
(κ1 β1 − κ2 β2 ) go + (u1 − u2 )
= Qδ(p − po );
3 ∂p
s


1
1
p ∂go
1
(u1 − u2 ) + (u1 A1 + u2 A2 ) go + (u1 − u2 )
= Qδ(p − po );
2
2
3 ∂p
s
1
p ∂go
1
(u1 A1 + u2 A2 ) go + (u1 − u2 )
= Qδ(p − po );
2
3 ∂p
s
∂go
3
3
+
(u1 A1 − u2 A2 ) go =
Qδ(p − po );
∂p
2 (u1 + u2 )
s (u1 − u2 )
 −q
 Z p1

3 (u1 A1 + u2 A2 ) dp
2Q
p1
dgo =
exp −
.
s (u1 − u2 ) po
(u1 − u2 )
p
po 2

p

Apply the inverse Laplace transform at s = 0, defined as

1
fo (t, 0, p) =
2πi

Z

i∞

go (s, p)ets ds,

−i∞

to the above equation which yields

3Q
fo (t, 0, p) =
u1 − u2



p1
po

−q



−1
exp
2πi

Z

i∞

−i∞
Z t

fo = fo (∞, p1 )
0
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3
2



u1 A1 + u2 A2
u1 − u2

φ(t0 )dt0 ,



dp
p

Z
0

t

ets ds;

where

 −q
3Q
p1
fo (∞, p1 ) =
;
u1 − u2 po
Z i∞
1
exp [ts − h(s)] ds;
φ(t) =
2πi −i∞

Z 
3 p1 u1 A1 + u2 A2 dp
h(s) =
.
2 po
u1 − u2
p

Hence φ(t) is the probability distribution function and exp(−h(s)) is the moment
generating function for φ(t). To obtain the mean acceleration time, we use

Z

∞

tφ(t)dt =

< t >=
0

∂
h(0),
∂s

and so,

h(s) =
∂h(s)
∂s

0

3
2(u1 − u2 )

Z

p1

"

"
u1

1+

po

"

4κ1 s
u21

#

1/2

"

− 1 + u2

1+

4κ2 s
u22

##

1/2


−1/2

−1/2
4κ1 s
4κ1 u2
4κ2 s
+
1+ 2
1+ 2
u1
u21
2
u2
po

Z p1 
∂h(s)
3
2κ1 2κ2 dp
=
+
;
∂s 0 2(u1 − u2 ) po
u1
u2 p

  
∂h(s)
3
κ1 κ2
p1
=
+
ln
.
∂s 0 u1 − u2 u1 u2
po

3
=
2(u1 − u2 )

Z

p1

u1
2

dp
;
p
#
4κ2 dp
;
u22 p

−1

this yields the acceleration timescale, τacc , as

3
τacc (p) =
u1 − u2
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κ1 κ2
+
u1 u2


.

(A.6)

A.3

A.3.1

Derivation of the Maximum Momentum, pmax
Parallel Shocks
The maximum momentum to which a particle can be accelerated is derived by

setting the dynamical timescale of the shock to the particle acceleration timescale,
see Drury (1983); Zank et al. (2000),

τdyn =

τacc

q(t)
= 2
u1

pmax

Z

q(t)
R(t)
≈ 2
u1
Ṙ(t)

R(t)
;
Ṙ(t)

κ(p0 )d(ln(p0 ));

pinj

Z

pmax

κ(p0 )d(ln(p0 )).

(A.7)

pinj

From Bell (1978a) we have the diffusion coefficient for a quasi-parallel shock based
on wave excitation by the streaming instability,

κ(p) =

κo Bo
(p/p )2
r  o   .
2
2
A(k) B
mp c
p
+
po
po

Substituting Equation A.8 into Equation A.7,

R(t)
q(t)
= 2
u1
Ṙ(t)

Z

pmax

pinj

(p/p )2
κo Bo
r  o   d(ln(p0 )),
2
2
A(k) B
mp c
p0
+
po
po
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(A.8)

where we have let x = ln p → ex = p, and dx = dp/p. So then,

q(t) κo Bo
R(t)
= 2
u1 A(k) B
Ṙ(t)

Z 

R(t)
q(t) κo Bo
= 2
u1 A(k) B
Ṙ(t)
where κo =

4 po c
,
3π eBo



1
po

1
po

2

e2x
r

2

Z
po

mp c
po

2

+

 2
1
po

dx;
e2x

e2x
q
dx,
(mp c)2 + e2x

po is the background momentum, q = 3r/(r − 1) where r is the

shock compression ratio, and c is the speed of light. From a standard integral table,
we use the relationship,
Z

1
F (e )dy =
a
ay

Z

F (s)
ds,
s

where s = e2x in our case. This yields

q(t)κo Bo
R(t)
= 2
u1 A(k)Bpo
Ṙ(t)

Z

=

q(t)κo Bo
2
u1 A(k)B2po

=

q(t)κo Bo
u21 A(k)Bpo

u
p
du;
2u (mp c)2 + u
q
2 (mp c)2 + u;

q
(mp c)2 + e2x .

On substituting ex = p back into the equation, we have
s

2



2

pmax

R(t)
q(t)κo Bo
mp c
p
= 2
+
;
u1 A(k)B
po
po
Ṙ(t)
pinj
s


2 
2 s
2 
2
R(t)
q(t)κo Bo 
mp c
pmax
mp c
pinj 
= 2
+
−
+
.
u1 A(k)B
po
po
po
po
Ṙ(t)
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On solving for pmax , we obtain the maximum momentum to which a particle will be
accelerated at a parallel shock,



pmax
po



2
=

2
 R(t)u1 A(k)B

Ṙ(t)q(t)κo Bo

s
+

mp c
po

2


+

pinj
po

2

2
 −



mp c
po

2

or

pmax
po

A.3.2


1/2

s
2 
2 2 
2 
 R(t)u2 A(k)B
pinj 
mp c
mp c
1
+
−
= 
+
 Ṙ(t)q(t)κo Bo

po
po
po

(A.9)

Approximation for Perpendicular Shocks
An estimate of the maximum energy for quasi-perpendicular shocks can be de-

rived from the nonlinear guiding center theory (Zank et al., 2006; Dosch and Shalchi,
2010). This derivation incorporates additional assumptions in diffusion and correlation length parameters. For the maximum momentum for a quasi-perpendicular
shock, let κ⊥ = ακk (Zank et al., 2004; Verkhoglyadova et al., 2010, 2012). On
substituting back into Equation A.7,

Z pmax
R(t)
3r
dp0
= 2
κk (p0 ) ;
vsh (r − 1) pmin
p
αṘ(t)
s

s

2 
2

2 
2
R(t)
q(t)κo Bo 
mp c
pmax
mp c
pinj 
= 2
+
−
+
;
u1 A(k)B
po
po
po
po
αṘ(t)


s

2
2 
2 2 
2
2
m
c
pmax
R(t)u
A(k)B
p
m
c
p
inj
p
1
 −
=
+
+
po
po
po
po
αṘ(t)q(t)κo Bo

161

or

1/2

s
2 
2 2 
2 
 R(t)u2 B
mp c
pinj 
mp c
1
+
pmax (⊥) ≈ 
+
−
 q(t)κo Ṙα Bo

po
po
po

(A.10)

which is the approximate maximum momentum to which a particle will be accelerated
at a quasi-perpendicular shock.

A.4

A.4.1

Approximations used in the Multiple Shock Model

Adiabatic Decompression Method (Melrose and Pope, 1993)
We derive the approach used by Melrose and Pope (1993) in decompressing

a shocked distribution and discussed in Chapter 6, Section 6.2.1. It employees Liouville’s Theorem which states that the particle distribution is constant along any path
in phase space. We start with the familiar Boltzmann equation

p
∂f
∂f
+ (u + v) · ∇f + ∇ · u
= 0,
∂t
3
∂p

(A.11)

where f = f (x, p, t) is the particle distribution assumed to be isotropic, u is the bulk
flow velocity, v is the particle velocity, and p is the momentum of the particle. The
convective derivative, dt = 0 in phase space, and so

dp
p
= ∇·u
dt
3
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(A.12)

From the continuity equation,

∂ρ
+ ∇ · (ρu) = 0,
∂t

(A.13)

∂ρ
+ u · ∇ρ + ρ∇ · u = 0.
∂t

(A.14)

where ρ is the mass density, or

Solving for ∇ · u in Equation A.12 and setting equal to Equation A.14, we have



3 dp
1 ∂ρ
+ u · ∇ρ =
.
∇·u=−
ρ ∂t
p dt

(A.15)

Invoking Liouville’s Theorem and using the Lagrangian derivation, we have

∇·u=−

1 dρ
3 dp
=
,
ρ dt
p dt

from which we find

Z

ρ

−
ρo

dρ
=
ρ

Z

p

po

3dp
;
p

ρ

p

− ln ρ = 3 ln p ;
ρo
po
 1/3
p
−ρ
=
= r−1/3 ;
po
ρo

p = po r−1/3 .
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(A.16)

Here, we have used the definition of the shock compression ratio, such that r =
n/no = n2 /n1 .

A.4.2

Transport Equation Method
The second method of decompression used in the multiple shock model solves

the cosmic ray transport equation using a method analogous to operator splitting and
uses various approximations for the timescales appropriate for the convection, energy,
and diffusion terms (Zank et al., 2000). This approach is more general and allows
for the inclusion of loss mechanisms (in addition to adiabatic decompression) such as
convection and diffusion, as well as includes time variability (variable decompression).
A “box” of characteristic scale length L is modeled, allowing an averaged accelerated
particle distribution be derived and subsequently decompressed adiabatically, while
allowing particles to advect and diffuse out of the box. From the time dependent
cosmic ray transport equation,

p
∂f
∂f
+ u · ∇f − ∇ · u
− ∇ · (κ · ∇f ) = 0,
∂t
3
∂p

(A.17)

we assume a constant flow velocity and an approximately constant diffusion tensor.
Since we consider the inner expanding solar wind within several AU, the background flow velocity is constant and the diffusion tensor can be regarded as approximately constant with respect to the spatial term. In a spherically expanding flow,
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Equation A.17 becomes

∂f
∂f
p 2u ∂f
∂ 2f
+u
+
− κ 2 ≈ 0,
∂t
∂r 3 r ∂p
∂r

(A.18)

assuming spherical symmetry and the radial coordinate r. The second term in the
equation is the convection term and can be treated as a loss term with a loss timescale,
τc ∼ L/u. The third, energy, term represents decompression of particles with an
adiabatic timescale, τa ∼ 3L/2u. The diffusion term (last term) of the equation can
also be regarded as a loss term with timescale, τd ∼ L2 /κ as particles diffuse out of
the system. While the diffusion term can also be considered a source term bringing in
particles into the system from outside (Zank et al., 2000), because shocks in the more
distant heliosphere are typically quite poor accelerators of energetic particles (see e.g.
Rice et al. (2000a)), we neglect diffusion as a source compared to the diffusion loss
term. Particles in the inner heliosphere generally have large mean free paths (mfp)
which means that simple diffusive transport is inappropriate. However, to render the
problem more tractable, the particle transport is treated as diffusive.
We solve Equation A.17 term by term via a method analogous to operator
splitting, and discussed in Zank et al. (2000).
In order to solve the convection term, we use the approximation

u · ∇f ∼
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f
,
τc

where τc ∼ L/u is the convection loss timescale and L is the length of the box being
considered. The convection term becomes

∂f
= −u · ∇f ;
∂t
u
∂f
= − f;
∂t
L
Z f1
Z t1
df
u
=−
dt;
fo f
to L
 u

f1 = fo exp − (t1 − to ) ,
L

(A.19)

where fo is the particle distribution function at time to .
Next we solve the diffusion term using the same approach. We use the approximation
∇ · (κ · ∇f ) ∼

f
f vλ
= 2 ,
τd
L 3

where τd = L2 /κ̄ is the macroscopic diffusion timescale, κ̄ = vλ̄/3 is the diffusion
term, v̄ the mean particle velocity, and λ̄ the average mean free path. So then

∂f
= ∇ · (κ · ∇f ) < 0;
∂t
∂f
f vλ
= − 2;
∂t
3L
Z f1
Z t1
df
vλ
=− 2
dt;
3L to
fo f


vλ
f1 = fo exp − 2 (t1 − to ) .
3L
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(A.20)

Finally, we solve the energy term using the method of characteristics. This
term describes the adiabatic decompression of particles immediately downstream of
the shock.
∂f
p
∂f
− ∇·u
≈0
∂t
3
∂p
Let A = 1 and B = − p3 ∇ · u so then

Aft +Bfp = 0
dp
dt
= ;
A
B
−3 dp
dt =
;
∇·u p
Z t1
Z p1
−3
dp
;
dt =
∇ · u po p
to
 
p1
2u
ln
= − (t1 − to ) ;
po
3r



2u
f (p1 ) = f (po ) exp − (t1 − to ) .
3r

(A.21)

The adiabatic decompression does not change the spectral slope of the accelerated
distribution, it only shifts the distribution to the left (decompresses) or right (compresses) in momentum space. It applies to a smoothly compressing/decompressing
region, such as the solar wind, where there is no discontinuity.
The solution to the 1D energetic particle transport equation can therefore be
written as
 


u 2u
vλ
f1 = fo exp −
+
+
(tf − to ) .
L 3r 3L2
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(A.22)
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